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The purpose of this project is to .szach learning and
understanding of mathematics at grades seven through nine through the
usz of science experiments. Previous knowledge of science on the part
cf students or teachers is not necessary. Lists of needed 2quipment
are found at the beginning of this vclume. It is stronjly recommended
that teachers try each experiment bLefore it is dome in class. The
material in this part of the prograrm can be covered in four weeks.
The material in this book is used tc develop the concepts of negative
numbers, the basic properties of the real number system, linsar
functions, and quadrat:c functions. Included in the Teacher's
Commentary are background informaticn, discussion of activities and
exsrcises, and answers to problems. (RH)
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During the suwmmer of 1963, a group of fifteen mathematicians, scientists,
and teachers, working under the auspices of the School Mathematics Study Group,
prepared experimental textbook units whiech explored the possibility of develop-
ing sbme of the basic concepts of mathematics through simple, but significant,
experiments in physical séience. These units were tested in representative
classrooms in a number of centers over the country during the following school
year. In the summer of 1964, revisions were made on the basis of the results

of these trials.

The purpose of this project was to see if the learning and understanding
of mathematics at the grade levels seven through nine could be improved by ap-
proaching mathematical principles through science experiments. The results of
the preliminary tests.were quite encouraging. The studentsafound the experi-
ments fascinating and learned the related nathematical principles quickly and
easily. Many suggestions for improvements were mede by teachers on the basis
of the reactions of their students. These suggestions vere incorporsted into’

this revision wherever possible.

It should;be noted that these units were written for use in ‘he mathema-
tics classroom and that they are primarily designed to teach mathematical con-
cepts rather than thpse of science. It is true that procedures and principles
of science included are sound and correct within the framework in which tlfey
are used. The experience in science which the student will gain from the study
of these units wiil no doutt be uceful in subsequent eourses in the physical

sciences, but the mein purposec of the units are to teaclt mathematics.

Previous knowledge of science on the part of students or teachers is not
necessary, although any knowledge which they might have in this field will be
usgful. In particular, it is not necessary for the student to have studied
the earlier parts of this work. The material in this book is complete in it-
self.

The experimental procedures are clearly described. Lists of needed
eguipment will be found at the beginning c€ this volume. Many substitutions
are possible in these lists since the experimental equipment is not at all
critical. The teacher °s warned, however, that there is a natural perversity
in experimental work. It is strongly recommended that the teacher try out
each experiment befcre it is done by the class, particularly if equipment




substitutions must be made. wo

~a.

For test results, the students should do the experiments themselves or

in ¢ 181l groups. A teacher demonstrstion should be resorted to only when ab-
s.iutely necrssar,. FEven when this is done, every effort should be made to

involve the students as much as possible.

The material in this textbook can be covered in about four weeks. The
téacher can best decide at what time in the course its use might be most ap- *
propriate. These units supplement, but ao not replace, whatevef?iathematics
book is in regular use in the classroom. It may, hcwever, be possible to omit

.saﬂe sections of the regular textbook if the teacher feels that the treatment

of the corresponding torics in this text is sufficient.

The experiments in this book are used to develop the concepts of negative
numters, the basic properties of the real number system, linear functions, and
quadratic functions. The teacher should look over the contents of the chapters
and skip or cover only briefly any material which has alreédy been learned by.
the students. On the other hand, any wcrk done in this text need not be re-

peated 1in the regular psrt of the course. This will probably include work on

linear functions, quadratic functions and graphing.

Even if the ea "lier chapters are skipped or covered only briefly,
Chapter 3 should be covered. It is in this chapter *+hat the student will
~Yearn huw to handle experimental data. The remaining chapters will then show

Him how to analyze the data which occurs 1n more complicated situations.

.
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PREFACE

° Most of the matnematical techniques that are in use today were developed
o mect practical needs. ITre elementary arithmetic operations have obvious
uses 1n everyday life, but the mathematical concepts which are introduced at

the junior high school level and above are not as obviously useful.

The School Mathematics Study Group has bé€en exploring the possibility of
introduc;ng some of the basic concepts of mathematics through the use of some
simple science experiments. Several units were prepared during the summer of
19€3 and were used on an experimental basis in a number of classrooms during
the following year. On the bYasis of the results of these t.rials, these units

were revised during the summer of 196k.

The text 1s designed to be usable with any mathematics textboik in common '
use. It is not meant to replace the textbook for the course, but to supplement
it.

P.evious acquaintance with science on the part of the student is unneces-
sary. The scientific principles involved are fairly simple and are explained
as much as is necessary in the text. Eagh experiment opens a door into & new
domein in mathemgfics: the resr” number system, linear functions, gquadratic
functions. We hope that student learning and understanding will be improved

* through the use of this material.

The exper.ments have all been Aone in actual classroom situations. Every
effort has been made to make the directions for the experiments as clear and

simple as possible. The apparatus has been kept to a minimum.

The writers sincerely hope that this approach tc mathematics will prove

both usetul and interesting to the student.
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PQUIPMENT LIST
Part II

-
)

. Sources for equipment in thé:folJ owing experiments ere indicated .below
and are coded at the right of each item.

(1) Scientific suppr’y (i.e., %enco or Welch, etc.)

—_——

(2) Hardware store ’ .

. - .
(3) Stationery store
(4) Vvariety store

(5) Home

. Chapter 1

OPEN SENTENCES AND BQUATIONS

, 2
1. The Seesaw Experiment - students are to work in groups. Each group
%hduld\have the following equipment: ’
. 1 meter stick (l) or yardstick (2)
: 1 triangular file (5 in) extra-slim taper - (2), or 1 knitting
) needle - (k) '
1 paper clip spring-type (Hunt Brand 1) - (3)‘ )
1 box 1 "Gem" paper.clips - (3)
1 k" X b" x 6" block of wood - (5) \
. h  6-ounce "Dixie" cups - (k)
2 dowels, 12 inches long - (2) / -
1 lump modeling clay - (&) ' . . .
1 set of standard weighis (10, 20, 20, 50, 200, 200 grams) - (1) .
1 piece of strong string or nylon thresd - (4)
. —~—
o : R .
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Aruitoxt provided by Eic:




-

‘Chapter 2

AN EXPERIMENTAL APPROACH TO LINEAR FUNCTICNS

.

e

1. The Loaded Beam - students are to work in groups. Each group should
have the following equipment: N

1 15-inch, flexible wooden ruler - (k)

1 3-inch C clamp - {2)

1 meter stick - (1), or yardstick - (2)

1 spool button thread - (k) (for entire class)

1 set of hooked weights (10, 20, 20, 50, 100, 200 grams) - (1) -

»

2. The Falling Sphere Experiment - students are to work in groups. Each

. group should have the following equipment:

1 glass cylinder or jJar at least 8 inches high

-

1 steel ball bvearing, asbout inch diemeter - (bicysle shop)

[ed 1]

=

1l small magﬁet - (2)

~ .

L4

1 12-inch ruler, also calibrated in centimeters - (3)
. 1 bottle Karo Syrup (white) - (grocery) .
L paper strips, about 1" x 10" - (5)

1 roll cellophane tape 3 (L)
: for entire class

(W]

metronome - (schogl)

2

. Q ] . )
| EMC o *
P o] .
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Chapter

TRAMPOLINES AND GASES

1. The Trampoline Experiment - This experiment is a teacher demonstration.

1 9-inch aluminum pie plate - (&)
6 15-cent balloons, spherikal.- (%)
1 10 X 2k-inch sheet of bristol board - (3)
1 pound of plestolene - (4)

. 2 glass marbles - (4), or %—inch nylon bearings - (bearing supply)

1 desk lemp (or slide projector) - {school)

2. Gay-Iussac®s Law - This experiment is a teacher demonstration.
1 Gas Law apparatus - (1), Cenco No. 76407 (Chem study apparatus)
2 thermmometers, Centigrade (-20° to 110°)
' 1 electric ho£ plate - (5) or (school)
2 trays of ice cubes
32 sheéés (8%" X 11") onion-skin paper - (3), or frosted acetate -

(engineering supply)

G
P
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Chapter 1
EQUATIONS AND OPEN SENTENCES !

1.1 Introduction

There is a two-fold purpose in Chapter 1. First, to achieve a greater
understanding of equations and open sentences. ané to achieve a measure of
competence in their solution. Second, to learn, through example as well as
precept, the importance of the mathematics involved in solving problems

‘evolved through scientific experimentation.

The experiments contained in this chapter have been tried by 8th g;aders.
It was found that the students! involvement in the actual experimentgtion is

» very important. Tt is suggested, therefore, that a teacher demonstration

T g would be a poor second choice. The student needs to develop scientific in-
. tuition and a spirit of inquiry. There are many ways of learning.‘ Students
need to explore. They need to actually manipulate the physical apparatus of
an experiment. For example, in the Balanced Meter Stick Experiment the stu-
dent can physically feel the balance of the meter stick.
» 1.2 The Seesaw Experiment (the Balanced Meter Stick)
The Balanced Meter Stick Experiment requires the following material:
1 meter stick .
“~--1 paper clamp # 1 (hant brand or similaf type)
1 5" triangular file, extra-slim taper.
1 5" x 4" x 6" block of wood
k  6-ounce "Dixie" cups
2 doqe]s, 12 inches long
1 lump of modeling clay
1 set of standard weights (10, 20, 20, 50, 100, 200 grams)
1 piece of strong string or nylon thread
1 box FF1 paper clips
Pléke a paper clamp at the 50 cm mark of & meter stick. Be precise, for
it is necessary that the center of the clamp be at the midpoint of the meter
stick. A small triagular file is run through the hole in the clip so that
half the file's length {8 on either side of the clip. #1 edge of the file
should be upright. A 20-penny nail or & knitting needle could be used in-
stead of the file. ‘
>
Q )
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dow, place two Tixie cups upside dowr v~ a2 (lock ot wood sarricientl:,

far apart 10 eliow tre ends of ti.e file *o res” over * ¢ oler ed s ot t.e

inverted cups. [ie meter stick will sJins ‘elwer * e “wo Saps,

On the tatle near t-e ends of .le me-er s:ivk flace ¢ .45 of cla close
berind trne meter stick. .tand t:e dowel 1 t.e cim 1 aL JJrio ot opositio

When tre metver stick 1s in a ‘orizontul posiiioT, m

8]
3
v
2
k)
o
.
4]
[
b
3
{
~
5
o

Wwill tren te used as reference murks Ior “:re .orizd - 0

* 1s necessar, 0 'ave i-ese mAr.s ar.w- worar.el, for trer will ce

The paper clip hangers ca: Le made essil: v resngis vaper 2.ips ss
illustrated in #i,-'re 1.
Fiooure 1
Masses can Te readily r.ng on peper clips te ot is momeer in zdz2ilov,

r stick model of z seesuw, teel free '0 .se :o.r .-
genaity and to make wratever chanyes are :ielpt.l, cceordine o e .somposilion

of tne class 3nd tre ma“erials availstle a* < e -ime.
Coke bottles can te ised 0 replsce "-e Ylcek 2vu¢ [dixie cups. e meter

stick must be ri.’ enough tha® th

e
wher tre stick is no* guite ir balance.

Also, trie meter svick can te s.ppor-ed on a k.ife edye 1, meas oi 1+ muife

edge clamp, cormercislly made for tnis parpose. (Cee Figire 2.)

2
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e +eact.er snould use tnis commercielly made knife edge with care sirce it is
very sensitive, especially for masses greater than 1 O grams. Tre sensitivity
problem can ve mi-imized by attaching a piece of modeling clay at *he vottom

part of the clamp screw. (see Figure 3)

If tre standard masses cannot be otlained you car .ise perules {or washers)

1=

nstead. T.e pennies can te suspended from the stick ty small plastic bags.
< e,

(&)

»

nstead of grams, the mass measure would be expressed in terms of irhe pennies.
For instance, ing mass measure of tre chuject could te equivalent to tre mass
measure of 2° pennies. A second alternative can be lead fishing welghts.

Tnese are stamped witil & numter representing its weight in ounces. 1Ihe split

(84

wpe of weights carn "e clamped directly onzo the tent paper clips.

wefore swarting tne actual experiment, tre studentis stould have some

preliminary play or balancing, Jjust to get the feel of it. I' 1s important

1
3

-a- tre stick settle in & nor.zontal position before tne distance is read
off. re ise of -wo dowels can help appreciably in tnils respect. Tre ~-0.ince
paper cup &% eac end of “re stick is used t0 eliminate extreme tipping of

‘e stick. (Cee sigure &)

Figure 4

O

MC LI

A FuiText provided by Eric =




The distance shculd be estimated to the nearest centimeter.

Finding a general rule trom the observations can be an exciting exper-
ience for the studeats. The teacher should use his iragination to lead the

students to the discovery of the general rule: md = 1200.

Exercise i

1. Below is a table of values from an experiment with a seesaw. Masses
Left side Right side were hung on the right-hand
m P Mass of obJects Distance side to balance the 6 pounds
in pounds from the at 8 cm from the fulcrum on
n fﬁlci‘;’n the left side. Find where

we should place the masses

12 shown in the table on the
right side of the seesaw
to balance it with 6 pounds
23
16

placed at 8 cm from the

ON

fulcrum on the other side.

N O ON
@w O O w o @

[0 o2 \V)
ceoceels

O O

2. Find the values for the masses and distance in the given table if you

want to balance 20 gm at 14 cm from the fulcrum on the other side.

m gm 20 ho‘ 10 50 “
d cm @ @ 15 30 @

3. How far from the fulcrum should & 20-gm mass be placed on the left side

to balance s hO-gm mass placed 20 cm frqom the fulcrum on the right side?

40 cm

L, A boy, whose mass is 70 1lbs, rode & seesaw with his father, whose mass
is 175 1bs. If the father set 4 ft from the fulcrum, where must the boy

sit to balance the seesaw?

10 ft

omim
)
@
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Find the missing values in problems S, 6 end 7.

5. ? - 50 in -

CED T —

l""""‘T

19 1b 5.7 1b
6. ? 10 cm—s
7~
[il 1
30 gm 60 gm
& , e——12.5 cm ?
/N
1 1
160 gm 250 gm

8. Is there a place on the seesaw where a single mass can be placed and

a balance obtained? If 80, what is the distance of the mass from the
fulcrum?

At the 50 cm mark. (fhis would be true for any mass.) The mass

is at zero distance from the fulcrum.

1.3 Number Sentences .

In this and several subsequent sections the components needed for the
understanding and solution of equations and inequalities will be presented.
The student will be led through the topics that build toward the open sen-
tence, and, later, to the solulioun of Bentences. This chapter is not inten-
ded to give the student complete mastery in the solution of equations, but
will provide an opportunity for the student to gain a degree of facility in

9
Q R
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such solutions. The student should also gain an understanding of the pro-/

cesses that lead to such solutions.

As in English, mathematics makes wide use of sentences, Sentences are

used both to explain and to discuss mathematics. The mathematical sentences

‘hat make statements sbout numbers is the subject of this section.

Number sentences, in themselves, may be equalities {as 2 + 7 = 12 - 3),
or inequalities (as 5 > 4); they may be true (as 15 + 3 < 26 - 1) or false
(es 8 1 9 = 24 + 3). However, Just as with English sentences, when we write

a sentence the assumption usually is that we are asserting its truth.

1.k Number Phrases

One of the components of a number sentence is the number phrase. A
rumber phra e 1s basically a name for a number. The student must recognize
that a number may have many names. Therefore, wuny number phrases may te

written concerning a given number.

This section offers the student an opportunity to express number phrases

in mathematical terms involving both letter and number.

In translating number phrases into methematical symbols the student
must take great care. For example, he must be capable of distinguishing be-
tween "5 1essnth§n the number x", written x - 5, and "5 is less than the
numpber x", written 5 < x. As another example, consider -Le differences be-
tween "7 plus x", written 7 + x; "7 wore than x", written x + 7; or
"7 greater than x", written 7 > x. The need for such distinctions are fre-

quent in mathematics, and require precision and exactness of expression.

Exercise 2

1. Translate each of the following number pnrases into mathematical symbols.
2) The sum of the number x and 15.
b) The product of 8 and x.

c) One fourth of the number x.

d) A number which is 4 less than x.
e) The division of 18.by x.

f) Three greater than x.

g) One less than two thirds of x.
h) The number x less than 23.

1C

S




2. For each of the numbter phrases in Problem 1 find the number represented
by the phrase if x = l2.
(a) 12 + 15 = 27

(8) 8(12) = 3¢

(e) -11;2- =3 .

(@) 12-4=8 MEAN
(e) %2:%01‘ l-]el

(f) 12+ 3 =1=

(g) %(12) -1=7

(n) 23 -12 =11

1.5 Parentheses

Parentﬁgées are used to set number phrases apart so that confusion in
the order of various overations is unlikely to occur. The parentheses is
one of the signs used in mathematics to indicete an aggregate of mathematical
terms. When several mathematical terms are placed within parentheses, the
whole is treated as a single term. For example, when translated into sym-
bolic form (12 + 18 - 5) is treated as a single number. This would be

equally true of (x +y - a).

Ixercise 3

1. Which of the following closed phrases name the same number? '

(a) 2+ L4 x= and 22 2 +20=22
() (2 - %)= and 30 (6)5 =30 ),
(¢) 2+ (4 x95) and 30 2 + (20 0

@) b+3x2 ana (b+3)2 (W+64(7)2)
() x8&+3 and (¢ .8) +3 (40 +3= (%) +3)
(£) 32-=8-4 and 6xb4+5 (h-U4doh+5)

2. Place parentheses in the followiﬁg so that

&) 2x 3 + 1 represents 8
b) & + 4 x 3 represents 1k @
¢) 6 x 3 -1 represents 17
d) 12 - 1 x 2 represents 22
e) 18 - 6 = 3 represents 16

ERIC 29
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3. Find a number for each numerical phrase.

(@) 5x8+7 50 + 7= U7 )(£) (U7 - 6) 11)4 = by |
(®) 5(8 +7) GI=5) (&) E42) +5 g««s:v; i
(¢) (9 +1)3+4) ((0)(7) =70)(h) (1 +3) - (8+2)(9(4)-10 = 26) ‘
(@) 6+2.4 6+ 8 =14 (i) 9(1 +3) -8+ 2 (9(4)+2-8 = 30
(e) 14 -3 x2 14 - 6=8

4, Using parentheses, rewrite the following closed phrases so they

represent the same number. For instance, 2 X 5 + 6 X 2 can be

written (2 x 5) + (6 X 2) and both represent 22.

(a) 3+8-14 (3 +8) -4 or 3+ (B-14))
(b) Zx6+k (Gx6) +u)

(¢) 3x5-hxe (3 x5) - x2))

(@) 36+ 9 +5-2 (36 =9) + (5-2))

1.6 Distributive Property of Numbers

In the distributive property the student first confronts_a proverty
involving two operations. As stated ir the text, the students are working
with the distributive property for miltiplication ovar addition. For con-
venience, in this tex«t we shall simply refer to this as tlie distributive

property.

This property masy be illustrated to the student very simply. Using any
desired objects on a table or marks on a blackboard, place them in 2 rdws of

3 each and 2 rows of 7 each. For example,

X X% ¥H R x N

FFX XK n %

If the asterisks were moved together, there would be 2 rows of 10 each. Now
find the value of the 3 parts,
2x3,2x7, and 2 X 10 as 6, 14, and 20,

In the distributive form it appears as

3(3 +7)
2(10).

(2x3)+(2x1)

1)

This general type of illustration should te repeated until the students under-
stand the meaning of the distributive property.

[
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The distribuvive property operates equally well when the number of terms
is extended. We may write (a +b +c¢). The application of the distributive
property eliminates the need for grouping within the parentheses. Students
may ver%&y this in the fullowing manner:

5(a +b+c)=5(a+ (b +c))
By the distributive property

5(a + (b +¢c)) =5 +5(b+c).
Therefore,

5(a +b +c¢) =5 +5 +5¢ .

Exercise &4

1. Which of the following problems sre indicated sums and whicli are indicated

products?

(a) 3(8 +5) (@) 4(3 +6)
(b) 3(8) + 3(5) (e) 7+ (3x6)
“(e) 2(6) +2(3) (£) (7 +3)6

The indicated sums are b, ¢ and e. The indicatea products

are a, 4 and r.

2. Express the following indicated products as indicated sums and indicated

sums as8 indicated products.

(a) 4(47 + 3) LLT) + 4(3)
(b) 9(3k4 + 6) 3(34) + 9(6)
() 2(8) + 2u) 26 + 1)

(a) 18(3.2) + 15(.8) 18(3.2 + .8)

3. Perform the indicated operations the easier way. Show your method.
JIllustrative Example:

110(8) + 110(92) or 110(8) + 110(92)
= 110(8 + 92) = 880 + 10120
= 110(100) = 11,000
= 17,000

L]

(2) 12¢ + ) 12(3) + 12()
=L|>+3 B

=7

13
O
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1,7¢ 11 1,7 1
-(b) 5(8) + 3(3) . = 5(3 + g)
1
=3 (1)
=1
5
(¢) 9(11 +9) = 9(20)
= 10
€a) o(17 + 63) =0
(e) 50 +9) - 560)
=8

L. Show how you could use the distributive property to pérform the
multiplications mentally.
Example: 6 x2h = 6(20 + 4)

6(20) + 6(4)

120 + 2h

1Lk

~

7(20 + 2)
140 + 14
154

(a) 7(22)

12(30 + 3)
360 + 36
396

(v) 12(33)

15(30 + 6)
450 + 90
- 540

(¢) 15(36)

<

1.7 Translation of Open Phrages to Word Phrases

Translating open phrases into word phrases requires both care and skill.

An open parase may be trarslated into many different word phrases.

Each translation should be written out in full. There is a danger that
shortcuts and atbreviations may lead to incorrect thought patterns. Therefore,

students should be required to make complete translations.

Once the thought pattern required in making the translation has been
developed there should be little difficulty in ccmpleting the work of this

section.

s
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‘Exercise 5

The answers to this exercise will differ widely and their correctnecs
must be verified by the teacher.

’

1. Can yoh think of & different <2y to translate the phrase 2x + 3

into & word phrase?

[}

2. How many translatiors of 3x - 5 can be made? Give examples.

3. In the following problems, write a translation of the phrase

to & verbal phrase,

(8) n+6 () 3

(®) n-6 () 22
(¢) 2n . (8) x + x
(d) en+1 (h) 2x + 3x

1.8 Translstion gg Word Phrases to Open Phrases

It is imperative that students develop a capability to ‘translate word
phrases into mathematical terms, that is,‘inxo open phrases. It is necessary
that the student be able to state explicitly what the letters stand for
whenever they are used in an open phrase. For example, the meaning of the
open phrase x + 7 cannot be fully determined until the meaning of x has been
explicitly stated.

Guard against such statements as
llx = John" ,

when students are expressing the meaning of the symbols. Make sure that they
understand that the symbol represents & number. The meaning of the symbol
mist be explicitly steted. For example,

John's age in years
the length of the barn in feet.

Vary the aymbols used. The symbol x should be used occasionally, but the
symbols a, n, t and others should also be used.

Since the commutative property is not valid for subtraction, a word

phrase such as "the difference between 3 and 5" may not have any valid

Q 15
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translation. Should this be translated 5 - 3 or 3 - 5 ? Because of.the am-
tiguity in translation, such word'phrases must be avoided. There must be
sprecial caution taken to avoid generalizations in word phrases which invalve
the operations of subtraction and division since these operations are nq%

.
commitative.

Students must have sufficient practice in the translations involved in
this section to achieve the measure of competence needed for success in courses
in mathemstics beyond the 8th grade. It is because of the importence of this
work that Exercise 6 has been made rather lengthy.

Exercise 6
1. Translate the following word phrases to symbols.

(¢} If the number of years in Bill's age is now X, what is

the number of years in Bill's age 7 years from now? (::::D
(v) The num . cents in x guarters @
{¢) The number of cents in x dollars Q@@g

:

(d) Te number of years in Sam's age 3 years ago
X -'3, where x represents Sam's present

age in years.

(e) The number of years in John's age 4 years from now
a + 4, if a represents Joh.'s present age

in years.
(f) Tne number of feet in : yards

(g) The number of inches in b yards

®@

2. Translate each of the following word phrases to symbolic phrases.
(a) The sum of a number x and 2
(b) The number x decreased by 8
(¢) Te number x subtracted fror 15
(d) The product of 7 and x
(e) The quotient of a number 3 divided by x

(f) The number x increased by 6

«

L2000

(g) Tne number x divided by 2

(h) One third of a number x




For each of the number phrases in Problen 1, find tl.e numver reprecertec

by the phrase if the unkncwn rumber is 2k,

2l + 7 =31 (e) 2k +4 =28

z5(2k) = 600 (r) 3(24%) = 72

100(24) = 2.L00 (g) 38(24) = Goy
(@) 24 -3 - 21

Write open phreses to represent each of the following.

(a) Tne sum of an even number and the next even number

x + (x +2), if x is an everr number

One half of tne sum of a number and 6

x + 6 . oy 1
5 or (x + 6) 5

Seven less than 3 times e number
Twice a number increased by 3
Twice the sum of 7 and 2

Find the total age of Mery and Sue if Mary
is 5 times as old as Sue {s. .

[Hint: let x represest the number of

years in Sue's sge.]

The number of cents Mike has, if he has x
nickels and twice as meny dimes as nickels
5x + 2(10x) or Sx * 20x
?

If the sum of the number t and 3 is doubled, which of
the following phrases wo.ld be a correct name for the sum:
2t + 3 or 2(t-+3) 7 2(t + 3)

If 5 is added to twice a certain number n and the sum is
divided by 3, which phrase is the correct name for the
quotient:

or ?

e
-

2n + 5 %? .

3

-

If one fourth of a certair number x is adied to one third

of four times the same number, which phrase is the correct

name: . ‘
%‘-(hx) + 3(x) %(35_) .%‘(x) ?

ERI
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If the number of gallons of miik purchased is y, which
is the correct phrase fcr the number of quart bottles

that will contain it:

Ly or % ? (:)

If a is the nunber of feet in the length of a certain

rectangle and b is the number of feet in the width of
ths same rectangle, which phrase is the correct name
for the perimeter:
2(a +b) or ab ? 2(a + D)

<

Fill in the blanks in the foll wing problems.

10. If k represeﬁts a number of kilometers, then the phrase

represents the number of meters in k kilometers.

11. A mathematical phrase indicating the number of centimeters in
s meters is .

12. Given & symbol d representing the number of liters fﬁ”ﬁ\zon-
i

tainer, the phrase represents the number of mil

in that container.

dliters

13. The number of grams “n p milligrams is —%35 o)
14,  The number of grams in t kilograms is 1000t .

15. Therefore the sum of t kilograms and w grams would be (ilOOOt +w) g).

16 The number of centimeters in k meters and n centimeters would be

17. Adding t centigrams to s grams would result i~ a sum of (( L t +5s) g).

00

18. In a mixture made up of oxygen and n.trogen, there are % times as many
oxygen molecules as nitrogen molecules. Write a mathematical phrase

for the number of oxygen molecules if there are h molecules of

nitrogen. QEZ

1.9 Numerical Sentences

The purpose of this section is to introduce the numerical centence and

its associated terminology. Numerical sentences are formed by co.anecting
nurber phrases by verb phrases, often using the egual sign. Wwhen phrases are

written and connected oy &n equal sigm- =} we make the assumption that the

' 18
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sentence is true. But it is perfectly reasonable to talk about a false sen-
tence. Illowever, in the course of operations or proofs, it is unreasonable to

use false sentences.

When applied to sentences, the words "true" and "false" are preferable
to "right" and "wrong” or "correct" and "incorrect" because the latter two
sets imply moral Jiugments without mathematical basis. The student should

be encouraged to . only "true" and "false" in this context.

Exercise 7

Indicate whether each of the following sentences is true or false.

1. (a) 3(15) = 3(10) + 3(5) True
(6} 4(8) + &(2) = 4(10) True
(¢) (2 +3) =4(2) 705 False
(@) 13 +(kx5)=(134)5 False
() bx6+3=5x%x7-8 True
(£) 3+44x5-9=2x6+7 valse
(g) 1% ~-8+6x8=18x7-23 False
(h) 31 x23-%42x7-=(27x8) + 7(16) False

1.10 Open Sentences

In Section 1.9 numerical sentences emphasized verb phrases, and no
trouble arose in deciding whether such a sentcnce was true or felse. 1In
Section 1.10, the concept of sentence is enlarged to "open sentences" which

involve variavles.

An open sentence involving one varieble has a "truth set" defined as
the set of numbers for which the sentence is true. There is no need et this
time to> introduce a name for the set which mskes a sentence false. "The term
"solution set" is also used for "truth set"”, particularly for sentences which
are in the form of equations. In the solution of open sentences the concept

of the ™ ruth set" or “solution set" becomes very important.

A phrase or sentence is "open" in the sense that we cannot determine
precisely what number is named by it until we know what numbers are named ty

the varia®les.

Finally, *the student is asked to consider both equations and inequalities
as sentences. These topics are of equal interest and have equal right to the
students' attention. P
o 19 73
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Exercise 8

In the following problems assume that the domain of the variatle is
the get of all real numbers. Use your knowledge of arithmetic to find

the solution set for each of the open sentences.

(@) x +3=5 @
() y+3>5 @>?
(¢) dx =12 &=
(d) bx #12 (set of all real numbers except 3)

(f) »+8<10

Replace the box with a number that will make the sentence true.
(@) [0 +3-12

®) &+ [0
() 3x [J +2=23

(@) +x [

cfe¥cye

]
)

In each of the following exemples, select those elements of the domein

vhich make the open sentence true.

(a) x +2 =12 {8, &, 6, 10} 1s the domain of x
(b) 3x =12 {6, 2, 4} is the domain of x

(¢) 16 -y =10 {8, 10, 6} is the domain of y

(a) x2

® 6@

+
4
tl

[02]

{0, 2, 4} is the domain of x

Let n represent the number of people that go to the local movie on
Saturday night. What is the domain of n? If all tickets cost
$1.35 each, and the total collection for one night is $236.25, how
many people bought tickets?

Dowain of n is the set of positive integers.
$1.35 n = §236.25
n =175

It

/.:)) 20




5. Let g represent the number of gallons of gasoline you buy at the
filling station. What is the domain of g? If each gallon costs

30¢ and you pay $2.76, now many gallons did you buy?

The domein of g is the set of all positive rational rnumbers.
$.30 n = $2.76
9.2 gallons |

n

O

Let p represent the number of people who go to a dance at which,

only 30 couples are admitted. Whai is the domain of p? If eacn

couple must be.accouwpanied ty & chaperon, what is ithe duuain of p?

(2) Tomain of p is the set of positive numbers less thar <l:

ot

(t) TDomain of p is the set of positive numters less than %1.

1.11 Equations and Inequalities

In this section open sentences are separated into two classes, and given
their common nemes: equations and inequalities. It must te emophasized agair
that the student and teacher consider boil equations and inegqualities oun an

f egazl importarce.

equal basis. th are equally interesting and useful, and o

9]

Ixercise >
Express in equation form the following:
1. Assume the cost of gasoline is 3?% ver gallon, and T represents

the totel cost of gesoline in cents. Write an eguation for ire

total cost of n gallone of gasoline. C = 32n

(

2. Write an equation for the cost 4 in dollars of n gallons of

gasoline at 32¢ per gallon.

Write in symbolic form the following statements:

The diemeter (D) of a circle equals twice the radius (r).

3.
L. The perimeter (P) of a triangle equals the sum of its sides
(a, © and c). -
:3:’
Q 21
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s Which of the following sentences are true and which are false?

(@) ¢ +(8+3)=(5+8)+3 True
(o) o+ 4 £ +1) False
{e) = +2=3+4 e
(@) 3.5 - 2.9 £ 2.3 False
(e) 8(3) # 3(8) . alse
(£) § + 3— >% True

Answers to Protlems © arnd 7 wiil vary widely. The correctness of the

solution is left to the teacher.

[eXY

. Write five true sentences involving each of the symbols:

<G > b H

[ write five false sentences involving eact of the symbols in Trotlem £.

5. Pat a numeral in place of the symtol D so that tne sentence in
“  each case will be trae.
() [J-1-7 ¥
e) D -3 4 any number excepl 3
(¢} 3 x l:] = 12 L
(¢) ¢~ D <2 any number greater than 3 or less than O
How far from the fulerum should you place a 20-gm weignt on the left

nce a Ho-gm weight 20 cm from the fulerum on tle right side

a
of the stick? (See illustration.)

l——— 2 em —+20cm-.{

C_ 1
g -
i F
. 20 gm
- & 40 gm Lo cm)
/
10. liow fur from tne fulerum should you place a 20-gram mass on ithe left

side of the stick to get the following inequality:

20 gnxdem < Lognx2em ? d <boem
To get 20 gmx dem >h0 gnx2cm ? ’ d >4 cm
Can you get more than one answer?

Yes, as indicated by the answers given

in the form of inequalities.

ERIC 31
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1.12 Finding Unknown Masses by Fxperiment

In Clection 1.2 the student performed an experiment to establish an equa-
tion. By reading off the distances on the meter stick and knowing the massegs
he established that an eguality resulted when the meter stick balanced. The
seesaw can be extended, however, to leac naturally to multiplicative inverses

and the solution of equations by this method.

In the experiments in this section one of tne masses is unknown. It
should truly be an unknown. Rocks ars suggested for convenience only. Other
masses of suitable size will serve equally well. Variations in the type of
masses $o te measured can heighten the students' irnterest. For example, en-
close the unknown mass in a sealed box and disclose the nature of ‘he con-
tents only wher the correct.mass has been determined. Guessing the nature

of the objgect from the mass alone can be a further extension.

The exercise following this section is impertant to the student. It
gives him experience in the solution of eguations without the confusion of

terminology.

1.13 Miltiplicative Inverse

Altrough tre stident uses thre multiplicative inverse irn Gection 1.12,

it is 70t so named. Tre student srould realize, however, that in tne solation

of eguations the use of the multiplicative inverse is quite general.

Tre dept: to wrich tle multiplicative inverse is tc be developed muy de=
pend on tre tackground and personnel of trne class. The multiplicative inverse
is needed as 2 manipulative technique for future chapters of the text. How-
ever, manipulstion must be based on understanding. Therefore, it is important

that 'nhe studeht understand the concept of the wmultiplicative inverse.

. cation whier is 1. Mialtiplying any number by 1 does not change the number.
That is, it remzins identically the same number. T[rils can be expressed in
symrols “s:

I1Xn-nx1l-n.

From tris the definition of inverse can follow:

if ¢ and 4 are numbers
and cd - 1

then d is culled the multiplicative inverse of c.

ERIC
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Conversely, it follows from properties of numbers that ¢ it the multiplicative

inverse of d.

The multiplicative properties of zero indicate that there is no multi-

plicative inverse of zero. The product of zero and any number is zero.

The generalization states that one number is the inverse of the other

if their product is one.

There has been no mention of the additive inverse since it is not an
outggoﬁtb’of the experiment. Also, this concept would require an understand-

ing of negative numbers which have not as yet been introduced.

Exercise 10

Find the multiplicative inverse of each of the following numbers.

1. (a) 17 (e) .6 @ (1) é @
3
) 3 (6) @) a1 ()
@: @ @1 5 ()
1
@1 O Wy (D) 1) L Qeed

1.14 Solving Equations

In Section 1.12 the student was introduced to the soluticn of equations.
Further practice is provided using the concepts of the multiplicative inverse.
It should be emphasized that solving an equation means reducing the equation
s0 that "x" stands alone. This is accomplished by a series of operations
which generate new equations equivalent to the preceding one. The student
should not be allowed to omit steps, but should follow in detail the examples
given in the text. Only when he understands the method thoroughly can he be
allowed to take shortcuts.

The first sentence with "x" alone defines the "solution" or "truth" set.

In the cases considered in this chapter, the solution set has only one member.

o

2k
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Exercise 2}

Solve the following by use of the multiplicative inverse.

= ‘ =2 2,2
(a) 12« ‘6 ‘ (@) 15 3V (g) 38 =3
12 . T = f 1% v=9 a=1
X=§
(b) 7x =1k (e) 5y =2 {(n) le:%
- .2 -2
x =2 R y = 5 X = 55
8 N 1
(¢) =x =56 (f) 2 x=1 (1) 2.3y = k.6
/!7 3‘
X-‘-hg xz%‘ y=2

Translate each of the following senterces into symbols and then

solve the equation for the unknown.

(a) The number x maltiplied by 5 is equal to 30.
5x = 30, x=6

(t) When a number y is divided by k& the quotient is 9.

% =9, Yy = 36
(c) *The product of % and the number a is 28.
% a =28, a =98

(d) Jane bought x stamps for 3¢ each. How many stamps did
she buy if she paid 604 altogether?
3x =60, x =20

(e) How 0ld is Suean if 9 times her age is 637
9x = 63) X = 1

(a) oo ? e 50 in —

L ~ M
18 1b 3.6 1b
fo— 5 ft ot 3 ft ——mn
(v) 1 ~
? 1b 30 1b .]
[ ? e d cm ——u
(c) r_1 o
m kg 2m kg
S0,
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Do you suppose a 90-pound girl could ever lift a -1000-pound box?
Justify your answer.

Yes, if the girl is 1880 times as far as the box from the

falcrum and is on the opposite side.

A chila whose weight is 60 pounds asked his father, whose weight
is 180 pounds, to ride a seesaw with him. Where should the father

sit to balance the child if she sits 6 feet from the fulcrum?

2 feet from the fulcrum
A bar 6 feet long is being used as a8 lever to lift a stone. What
is the weight of the stone if a boy weighing 100 pounds pushing

down on one end of the bar which is 4 feet from the fulcrum Just

balances the stone on the other end?

200 1bs .

Sample Test Items

A 100-1b boy wisnes to 1lift a 10C0-1b block. If he places a fulcrua
one foot from the block, where can he pull (how far from the fulcrum)
to 1lift the block?

Find a number for each numerical phrase.

5(6 + 3)
(9 +1)(2 + 1)

(1 +5) - (6 +1)

(a
(b
(c
D -

)
)
)
)

Use the distributive property of multiplication to solve:

a) 12(33)
() (8x3)+ (8x2)

() (Fx7 - G- 1)

st

26
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Translate the following word phrases into open phrases.

(a) The sum of a number x and 2.

(b) One third of a number x.

(¢) One half the sum of a number x - ad 6.
(d) The number of centimeters in x meters.

(e) Three less than twice & humber b.

Which of the following sentences are true and which are false?

11
(a) ﬁ<%§

(b) 13 + (4 x5) = (13 + )5
(¢) 6 +4 f2(k +1)

w *

(@) 3.5 - 2.9 > 2.3
SRS

A c¢hild whose mass is 50 1lb asked his father, whose mass is
175 b, to ride a seesaw with him. Where should the father
sit to balance the child if he sits 7 feet from the fulcrum?

Place the parentheses in the following so that:

(8) 2 +%4x3 represents 1k
(b) 5x2-5 represents -15
(¢) 8x 2 +3 represents 19
(@) 10 - 6 x 2 represents -2
(e) 5+ k4 x9 represents 81

Solve the following for x by phe use of the multiplicative inverse.

(a) Zx=2

(b) T (8x) =16
() 33+2) =3x
(@) 2x=9(7-6)

A rock is balanced 30 c¢m from the fulcrum opposite a 100-gm mass

which is %0 em fror “he fulerum. What ic the mass of the rock?




10.

Translate the following problems into symbols and then solve the
equation for the unknown.

{a) The number x multiplied by & i/s equal to 24. .
(b) Wnen a number y is divided by 6 the quotient is 2k.

(c) The product of 0.7 and the number a is 19.6

(@) Three times the sum of x and 6 equals 2k.

Angvers to Sample Test Items

Any distance greater than 10 ft.

(a) 45
(v) 90
(c) 35 =

(a) 83

(a) 12(10 + 3)

“(b) 8 x (2 +3)

(¢) 5 (7-1)
(a)
(v)
(c) =5

(a) zoux

X wixX X -

(e) 2v -3

(a) True
(b) False
(&) False
(d) False
(e) True

2 feet from the fulcrum.
9 feet from the boy.

(a) 2 + (4 x3)
(b) 5x (2-5)
(¢) (Bx2)+3
(d) 10 - (6 x 2)
(e) (5+4)x9




(a) 6 *
(v) 8
(¢) 5
(@) 2

75 gm

(8) bx =24; x =6

(v) % =2k; y = 14k

(¢) 0.7a = 19.6; a = 28
(@) 3(x+6) =24 x=2

~_




Chapter =2
-~
AN EXPERIMENTAL APPROACH TO LINEAR FUNCTIONS ’T}
2.1 Introduction ‘ (

The purpose of this section of the book is to teach your students some
of the fundamental concepts of mathematics regarding linear functions. These
are expressions which involve -ariabtles tc the first degree. Linear functions

- ,
are actually first degree polynomials in a single variable. ,

-

The need Jor such knowledge can te pre..nted to the students "through the
physical sciences. As we tell tne students, "The experimental situation will
lead to the development of the particuler mathematics which is needed". How-
ever, after the mathematics s introduced in this manner, a number af logical

extensions will be made.

This approach to mathematics must not invelve telling the studeM what
"11 take place. The student himself must encounter first-hand <l.e experimenta
pituations from which the mathematics will arise. lHe must do the experiments
&imself, measure tne things which change. record the data in an orderly fashion

and examine it critically for whatever g- r~al relations it shows.

. You will be given the results of the loaded Beam Fxperiment performed by

the writing team. The data is listed in Table 1. However, the student is ex-

* | pected ‘o perfcrm the experiment, find his cwn data, and make his own analycis.
tudents may work in teams,‘and the deta obtained by each team may.differ be-

cause of differences in the rulers and the way they are clamped. But if their

work has been done carefully, these differences shouuld not be too great.

l In this chapter two experiments are used. Each results in a lineaer
A}
/ function, but illustrates different properties of this function. The first
experiment, The Loaded Beem, investigates what happens when 8 beam (& 15-inch

, flexible ruler) 15 clamped to a desk &% one end and loaued with a series of

increasing masses at the free end. This gives a series of o.dered ?airs of
numbers which are graphed on & coordinate pléne. Through discussicun, the
student is led to thelconclusion that, if othe: masses had been used, many
other ordered pairs could have been found end graphed within the interval »f
the experiment. This leads finsally to & "best st;aight line" which will,

within the errors of measurement, be a graphical representation between the =
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~w~ varietles:- load on the end of the beam 2nd*the resulting deflection of
tne end of the Yeam. At this point the mathematics of the slope and intercept
of the line is introduced. This is followed ty a discussion of graphing

linear functions 'end en introduction to relations ané functions. A similer

-
procedure will ve used in each of the experiment.. .

A The experiment on The Falling Sphere will also be conce:med with linear
fpncticns.  However, this expeviment will introduce the additionel c-ncept of
the point-slope form of & linear equation.

-
! The Loaded Beam Experiment
Tne equipment needed for each student group for the Loaded Beam Experi-
> >
nent is as follows:
1 15-inch flexible wooden ruler
a/ - sl 3-inch C clamp

1 meter stick or yardstick

1 spool dutton thread

1 set of hooked weights to include 1 10-gram, 2 20-gram,
1 0-gram, 1 100-gram and 1 200-gram weights.

A <

As in ell experiments, the student should be cautioned to exercise care

in ~ltelining deta in this experiment. The ruler must be clamped securely to
the desk. The studen* should make a note of the distance his ruler extends

tesyond the desk top. This will help to insure-that all trials ia the experi-

[
ot

menT will te carried on under the same conditions. Also, all problems which

cure~quently arise from the experiment will relate to consistent data. Further-

mer« . sheuld a triel need to e rerun, the same conditiuns could be reproduced.
<

~

A hole of sgbout é-inchdzameter should be drilled the ruler about

in
2 .nch from the end of the ruler. The ?utton thread (or fish iine) is Looped
arp.nd the ruler and irawn th. .gh <he hole. The thread must be sufficiently
Strong to support e mass of 300 gramc. The weights will be hung on a loop

tne student mekes in the thread under the ruler.

Tre meter stick should bte taped tc another student desk. The meter stick

.

must rest fimmly on the floor. .sking tape will hold it to the desk.

ne student is now ready to attach the hooked weights to the ruler and .

vead the deflection on the meter stick.

The student groups shovld perforr. -he experiment at least three times

using the following seguence of loads: 0, 30, €0, 90, 120, 10, 180, 210,

32
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240, 270 and 300 gm. Table 1 shows sample data taken from four runs.

THE LOADED BEAM EXPERIMENT ‘
Ay
Trial 1 Trial 2 Trial 3 : Trial &
Load Position Position Position Position
1 - P i ¥
(grems)  (centimeters) - (centimeters) (centimeters) (centimeters)
0 20.0 20.1 20.1 20.2
30 20,4 20.5 20.k 20.6
60 20.8 20.9 20.9 QI.Q
g0 21.3 21.4 21.4 21.5
120 - 21.7 21.9 21.8 21.9’
150 22.1 *22.3 22.3 22.3
180 22.5 22.7 22.8 22.7
210 22.9 23.2 23.2 . 23.1
2Lo 23.4 23.6 23.7 23.6
270 23.8 24,0 2L .2 2L.C
300 2h.2 . oL L 2h.6 ok
Table 1 :

In a .ater section (2.4)the student will want some data at intermediate
values of load. The values are then used to introduce the idea of physical
continuity. e run with intermediate values should be sufficlent. A pos-

sible selection of loads is 60 *o 150 gm at 10 gm intervals.

%

2.3 Graphing the Experimental Points

The relation between load and position reading must be clearly understood
by the student. Note that the horizontal axis is used to designate tne load
arnd the vertical axis designates the position‘regding. Hence, the coordinates
of every point which is graphed is an ordered'pair for which the first element
is the load and the second element is the position reading. The scesle on the
horizontal axis should go from O to 300; the scale on the vertical axis from

the reading st no load to that of maximum load.

te

2.4 Connecting Plotted Points

By connecting poin s the student is inferring physical continuity. He Is

33
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veginning to Jdevelop the physical model, but this loes not imply any mathena-

%
tical continuity. The decision on whether an experiment could sield inter-
mediate points muct be tased on phencmena being studied. It would te desirable

to mention a Cew examples 0f discontinucus phssical siz.ations.
For example, trnere 1s the maximum height to which =
height »~f bounce is related to the corresponding
tinuity cannot ve inferved. The graph 1s a gset of 4istinet
cammot te connected, fo.

Half bcunces cannot te

in-

We will refer to Figure 1 aga:n in Secticn Z.-, when

..

The Loaded Feam
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On a sheet of coordinete paper, draw horizontal and vertical axes with
the origin at the lower left-hand corner. Number the horizontal axis
from 0 to 200. Number the vertical axis from O to 10. Plot the fol-

lowing set cf -rdered pairs relating temperature and time:

{{.60,8.0), (17C,8.€), (280,%.1), (190,9.%), (200,9.9)}

lO o T 1 I ]
N N U S R N Y S
.
| | S
- . 5 }! i!i I
Trhis makes <he graph aprear o | |
o ! b
on & sma.l porzion ¢¥f the L i :
o ! I
page instead cf fiiling the - !
> ! :
Tage. l : !
i ‘ |
IR i
T J |
o i ;
\‘ i .
! ! !
{ f |l
!
) ! [
o]
100 200
Mexe 2 new gratn o the points of Ixercise 3 in such a way that the
grapn nearly "T711:z" the coordinate paper. Label both the horizontal
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Draw your "best" straight line through the points plotted in Exercise L.

The "besi" straight line appears on the graph of Protiem L,

Why do some of the points fall off the line?
Probably due to inaccurscy of measurement cr of graphing the data.

If the horizontal coordinates are the temperatures of zn ivon rod In
degrees Centigrade, and the veri._al coordinates are the corresponding
times in minutes, is the drewing of the line justified?
Yes, becsuse intermediate values do exist.
Referring to the exercise above, what 1s the time corresponiing o a
o} . . X s .
tempersture of 165 C? What is the temperature corresponding to s time
of 9.3 minutes?
Have students find this on <heir graph. From the graph in
. =0 i . . .
Problen L, 165~ will correspond to 8.3 m:n; 9.3 min will

. o)
correspond to 1867,

For each of tihe following, plot the points whose coordinates are given

ot
-
)
e
]
e
D
o
[N
t
]
]
<
w
b
£
D
O
)

and then draw what you judge to te the tes
the point at which your line crosses the y xi1s and compare the results

with your classmates.

(a) (15,17.5), (e5,20.0), (45,27.5), (55,30.0), (7%,37.5), (8C,%0.0),
(100,45.0), (120,50.0), (125,52.5), (13%,57.5), (1£0,45.0).

70 i l

- 213,575 )
2 L ¢(125,52.5)
50 —>%-(120,50)

> A(100,5)

(80,40)_A
4

bo l §
. /I(E(I?mw)
30 -{55,20)
25 1 42,27.5)
20 ﬂz-{‘es,go} .
15 p1(15,17.5) :
10
5
0

15 30 45 60 75 90 105 120 135 150 165 180

w
|
[y
-~
N e




(%) (0.2,12.5), (0.%,12.0), (1.0,11.0), (1.4,10.0), (1.8,5.5),
(2.3,7.5), (3.6,6.0), (k.2,k.5), (5.2,3.0), (5.8,1.5).

JL(0.2,12.5)
12 (0. 4,12.0)
11 (1.0,11.0)
10 (1.4,10.0)
) \211.8,9.5)
; |
7 2.8,7.5l)
c (3-6,6.0) \
B (4.2,4.5)_
3 Qi,m)——
2
(5.8,1.5)
1
| N
1 2 3 & 5 COE

(10,37)
3> (9,34) I
30 18,29)
2.
/(6,22)
20
/’<>,18>
15
10—/
5 4(1,5) -
0,0)
5 10 1 20
Ay
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(a)

(1050,33), (1250,32), (1300,30), (1500,33),

/

N

150,33), (300,31), (450,31), (600,32), (750,31), (900,34),

1650,32).

—~~ —~~ = o [4Y] o
laal o (38} ha} o o
o o - C)-\ C; -
N N
40 3 S 824 R 8
n o} A e} & i
- \O S ~ ~ ~
= N i Z N =
A -~ o A [ ]
30 ® ¢ D Ml |
I —~~ —~~ l
~ —{ o —~ o
o o -~ O -~
- - Cr? o O
] . - "\
20 88 T~ o) o)
&~ F ~ o ~
— S > S
10
o R
Q Q 8 Q [} o ©
O O O ¢ (o3 e! 8 o 8 o O (SIS
B8 8388388&383%8 2 8a8 8
~ hal N {~ A N e e [F N -~ >
~<t ~ — - ~
2.6  Slope
This may bhe the students! first introduction to sicpe. OSlope may ve

vertical change

horizontal change

The vertical change is equivalent to the rise, for this change would be the

difference 1n two values of the vange.

On the other hand, the horizontal

change 1s equivalent to the run, since this change .s'the difference in two

values of the domein. Th
rige

text,
run

the same relationship.

; and the above definition,

erefore, the definition of slope, as given in the
vertical change

horizontal change

o

, both describe

.

Figure 2

o
Ne

s

3




!
Suppose we have three points, Pl’ P2, P3, on the same straight line.
Triangles can be formed by drawing horizontal and vertical lines between
these points as shown in Figure 2. These triangles are similar and, there-

fore, the ratio between two sides of one triangle is equal to the ratio te-

tween corresponding sides of the other triangles.

To find the slope of a particular line, the student must choose two
specific points on the line. To obtain two ordered pairs he must then de-
termine their coordinates by comparison with the horizontal and vertical
scales. By teking the difference between the second elements of these ordered
pairs, he will have the vertical change. The horizontal change may be found

by taking the difference between tne first elements of the ordered pairs.

If you apply this concept to the "best straight line" for the lLoaded -
Beam graph above, you may choose the points A end B on the line. A is chosen
on the load line at 60 and you can determine that the vertical distance to
the point is about 20.9. Hence, the horizontal distance is 60 and the vertical
distance 1s 20.9. The second point B has a horizontal distance of 270 and a
vertical distance of 2Lk. The difference in the vertical distance is
2k - 20.9 = 3.1, and the difference in the horizontal distances, taken in
the same order, is 270 - 60 = 210. Hence, the slope is

vertical change _ 3.1
horizontal change T 210 T

The reason that this is so small is that the horizontal distance in-

creases so much more rapidly than the vertical distance.

Exercise 2

1. Which of the following two ordered pairs deteirmine a horizontal line,

a vertical line or a line which is neither?

{a) (3,2), (5,2) hoéizontal (£) (2,3), (2,2) vertical
(v) (0,0}, (7,0) horizontal (g) (561,10), (562,11) neither
(¢) (10,4), (4,10) neither (n) (3,14), (6,28) neither
(a) (s5,6), (6,7) neither (i) (9,8), (9,1) vertical
(e) (2,8), (4,8) horizontal (3 (0,8), (0,5) vertical |

Lo
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2. For each of the following two ordered pairs, state the rise and the

run for the line determined by these points.

(a) (2,5), (4,8) rise 3, run 2

(v) (3,9), (2,1) rise 8, run 1

(c) (8.5,7), (9,9) rise 2, run 0.5
(a) (20,10), (25,17) rise 7, run 5

(e) (5,3), (5,986) rise 983, run 0
(£) (763,763), (25,25) rise 738, run 738
(g) (8,7), (2,5) rise 2, run 6

(n) (8,10), (0,10) rise 0, run 8

(1) (3.7, 12.6), (5.2,13.1) rise .5, run 1.5

() (%,%), (E,%}) rise 1, run %
3. Determine the slope of the line connecting the points in each part of
Problem 2.
(a) 2 (r) 1
(v) 8 (8) 3
(c) & (h) o
1 L
(a) 3 () 3
(e) has no slope () 2

2.7 Equation of a Straight Liné -- Slope-Intercept Form

It is now necessary to make a more detailed analysis of the linear

equation and its graphical representation.

The y-intercept, as stated in the student's text i:c the point where
the line crosses the y-axis. In this section, the student will read this
point from the graph to determine that the coordinates of the point are
(0,b). To find the equation of this line, he must be able to see that the
slope of the line is always the same along thé total length of the line. He
can then write an expression for this slope using the y-intercept (0,b) and
an arbitrary point ( I 4P) which is anywhere on the line. Equeting this

Q hl /1- t)

ERIC | -
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expression with the numerical value of the slope, he then geta an equation

of the line in terms of f and p,

’ ‘z_—o=m.
Application of algebraic manipulation then gives the equation

p=m[ +b ,
which is the slope-intercept form of the equation of a straight line.

From the graph of the loaded beam, the value of b can be read as 20.1.
In the previous section, the slope, m, of the line was found to be 0.01%.
Hence, the equation of the "best straight line" is

p=0.0154 +20.1.
All students should find the equation of their "best straight line".

The exemple given in the student text, referring to Figure 12, deter
mines the slope of the line as m = % . From the graph he reads the coor-

dinates of the y-intercept as (0,8). Now the slope has been defined aa the
rise .. vertical change

run ’ norizontal change
has coordinates ( f , p). Using the first point as the y-intercept, (C,8),

+ In the above problem, the arbitrary aecond point

the vertical and horizontal changes would give a slope of

yhof o 2gleq.

Solving this eguaticn, we multiply by £ .
158 L)

Since 12-=1,p-8—-%ﬁ .

Adding 8, we obtain p -8+8=21‘L+8,

p=21‘l—+8 or p=E,!+8.

Students may use this process for finding the equation of their "best

which gives the equation

straight line".

oJ
Q Yo
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Exercise 3
Y

Tabulate the coordinates of 12

the points P, Q and R, shown

- } E * ! ' !
in the accompanying graph. 10 I/ j / - [ [‘ —
L/ b
Celculate the slope of line // : / i ’ ——t
f > using the points P and 8 / + - i
Q. Do the same for points ‘
{
P and R, and again for points § — 4 } ‘ j
Lo | ‘
and R. N j i , |
: / AR
P(2,1), (6,3), R(10,5) b = |
3 -1 2 1 | Q ! J
o« - = = = .
EoEE R L NN
! N R
m e = 2-_1 = L = l |34 | 1 ) ! 1
PR ~ 10 -2 8 2 Pl 1 R
2 L 6 8 10 2
- -3 2 1 : *
m = = = -—
QR ~10-6_ & 2 Figure 1k

Referring to Figure 1k, what are the slopes end vertical axis inter-

cepts of lines £2’ .Z3 and lh ?

slope [2 Y ZTo C 1
s lope f : 2 -0 2 The intercept for all four
3 6 -0 : Bt N
X y lines is O .
- -0 -
smpefh.?)_o—?) 6 - I
<
Find the slope and intercept 5 - I‘
< 4
of lines £ . and [6
> L
(Figure 15). L
1 ol
f< : slcpe % intercept O | R
5 3 3 e
1,
[6: slope 3 intercept 3
o R ” 4
2 | u‘ //
1 A{ ]
| S .
L~ ;
0 1 2 3 b 5
Figure 15
51
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L. What do you need to know about & line to distinguish it from any other
line?

Its slope and y-intercept.

“ s, Write the equations for the lines Il’ !2, [3, 1y 15 and
96’ shown in Figures 14 and 15.

91: y=%x lh:y=3x

1
£, v =x [9': y =3

1
23:y=?x [6:)’=§9<+3

6. In the Loaded Bram Experiment, what is the significance of the position
axis intercept that you obtained?

It was the position on the meter stick from which the amount

of deflection was measured.
Would a different intercept have given you a different slope?

No. The intercept is determined by the position of the
pointer and the meter stick, while slope is detemined
by the &Qount the beam bends.

2.8  Craphing Linear Equations

. The student must be ome very familiar with the slope in many of 1its
aspects. At a later time he will learn that the slope not only tells the
"steepness" of a line, but whether it rises or falls as we proceed from left

to right.

The horizontal line, which has a slope of zero, is not difficult to
understand. The student usually recognizes that g = 0, and on a horizontal

line there is no vertical change or rise.
However, the vertical line is more difficult for the student. Since
a
a o
is no definition for the division 0 and hence che slope of a vertical line
is undefined.

there is no horizontal change, the slope would take the form But _.here

ERIC
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Exercise U

Y’ 12
figure, using in eéch cése the two points indicated on the lines.

Calculatg the slopes of lines £ and 13 in the accompanying

- ~

) - ) ~
slope ll : g:—olh = 0.4 . / . /”
Y. 3-0 : 3
slope 5 i3 - 1 . _ _ ‘
slope E3 : ——-—2“2 : (2)’6 is 3

undefined . ‘o T . Al

1 //
1 2 3 b 5 , 6
What is the-slope of a horizontal axis? 0 .
What is the slope of a vertical axis? Undefined.

A
With reference to a set of coordinate axe’s,a select the point {6,3) and

through this point
4 . »

(a) drew the line whose
slope 1e % Wliga-t' is

the equation of this 10 s /
line? .

N ’ . Q 4
(b)" draw tne line through < b ,ti_’]y
(6,3) which has s . ~3//_*f/o//
slope of zero. Vhat 5 1

this line?

<
[
w

, 1Al \/
is an equation of d
' /

/ 5 10 15
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Drew the following iines:
(a) through (1,5) with slcpe% 10 Pk
(v) through (2,1) with slope %
(¢) through (3,4) with slope O
(d) througn (%,3) with slope 2. ;_ -
(e} through (3,%) with slope un-

defined. (What type of line

has no defined slope?) o—AY 5 "

Consider the line containing the points (2,3) and (9,5). Which of the
following points is on this line?

{Hint: First determine the slope of the line containing the points

(2,3) end (9,5)}
me2—3 - 2
9-2 1

An easy method for checking the various points 1s to compare slopes of

lines through (2,3) and the given point with % )

(e) (30,11)  m = %5 :g N % = % On the line.
k-3 1

()" (7,%) mE T2 T o5 Not on the line.

(c) (22,9) m = E% = "?(C;) Not on the line.

(@) (23,9 m-z2-3 -2 .2 On the line.
23 -2 21 1

(e) (19,58) m = 6-3 - <2 Not on the line.
18 - 2 17

(£) (58,19) m = -3 . }6 - 2 On the. lane.
58-2 T %6 77 . .

Write an equation of each of the following lines.

(a) The slope is % and the y-interce;t number is 2. (The y-intercept
nurber is the verticel coordinate of the point at which the line °

crosses the vertical axis. In this case the coordinates of the
2

intercept are (0,2).} y=5 2
(v) The slope 1s % and the y-intercept number is O y = %x
1 ) L
(¢) Tue slope is %— and the y-intercept number is -3‘- y = §x + 3
(d) ‘The slope 1s 37 and the y-intercept pumber is 5. y =37 + 5
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What is the slope of the line containing the points (0,0) ang (3,L4)?

L b0 b

T 3-0"3

What ig the y-intercept?
y-intercept : O

Write the equation of the line.

Verify that the slope of the line which contains the points (0,5) and
(8,13) is 1. ‘

If (x,y) is a point on this same line, the slope could be written as

Show that both expressions for the slope give the same equation for tre

line.
y-2 1 -3
x -0 x -
y-5=1"(x-0) y-13=1"°(x-8)
y-5+*5=1L1x+5 y-13+13 =1.x - 8 + 13
y=x+5 y=x+13-8
y =x +5

Write the equations of the lines through the following pairs of points.
Use the method of Problem 8.

(a) (0,3) and (5,12) y=2x+3

(b) (5,8) and (0,k) y = _5tx .l

(¢) (0,2) and (3,7) y = §->< v

(@) (5,8) ana (0,6) v = %\ + 6

() (3,0) ana (6,3) y=x -3

(£) (3,3) and (5,3) y=3

(g) (3,3) and (3,5) Vertical line such that the x-coordinate

is always 3

x = 3 is the equation of this line.

(h) (1‘12) and (3;1) y=x -2

N7




2.9 Relations and Functions

In discussing ordered pairs, it is possible to consider seating arrange-
ments in the classroom. The seat position a student holds in the classroom
may be expressed in terms of row and seat number. Row 2 seat 5 may be the
seat occupied ty John. This may be expressed as an ordered pair (2,5). Mary
may be assigned to row 3 seat 6, expressed as (3,€), and Susan to row 5 seat 2,
(5,2). Unless the importance of order 1s stressed, the seats assigned to
John, (2,5), and Susan, (5,2), may be confused. If John were listed by row
and seat number, and Susen by seat and row number, the crdered pairs would
appear to be the same, (2,9), and again there woulu be confusion. It is
therefore very important that crder be stressed. 1In fact, it is a necessity

if consistent understanding and agreement is to be reached.

ct
o]
L

A relation may be defined as a se ordered pairs. A set, M, of or-
dered pairs defines a relstion R as follows: xRy, (x is relsted to y), is
true if there is an element of M having x as its first member and y as i..
second member; otherwise, xRy 1s false. The set ~f first elements -7 the

ordered pairs in M 1s the domain, and the set of second elements is the range.

It is now necessary to expend student .nierstanding of domain and range
in g specific manner. The concept of z functi.n ~an now te discussel., Its
definition is clear and specific:

A set of ordered pairs defines a functinn if and ~nly I

no two ordered pairs of the se® have the same f.rst element.

To each number cof the domain the functicr

3
0
[
[42)
o
03]
3
1]
)
w3
g
ol
3
Q,
Q
03
v
o)
5]
D
3
b
=
T
&1

from the range.
In the discussion about functions, it is :important i3 emphesize the
following points:

(1) To each number of tho domain of definzti~n, “he finction assigns

r

on~ and only one number from the range. H.wever, tne same num-
ber of the range can be assigned to many di€ferent e.ementc of

the domain.

(2) The essential idea of funcrinn is found in the actual acsoeclation
from numbers in the iomain tn numbers 1n <ne range, snd no* in
the particular way in which the associatinn happens tn te de-

scribed.

48
O

ERIC

Aruitoxt provided by Eic:




Mlways speak of the assoc . ion as being from the domain to
the range. This helps fix the correct idea that we are deal-
ing with an ordered pairing of numbers in which the number
from the domain is mentioned first and the assigned number

from the range is mentioned second.

{(4) Not all functions can be represented by algebraic expressions.

Although the above points are not absolutely vital as far as elementary

work with functions is concerned, they become of central importance at a later
time. Also, many of the difficulties which students have with the idea of
function can be traced to confusion in these matters. Therefore, it is im-

portant that the student understands these pcints from his very first ccntact

with the function concept.

Exercise 5

In Prcblems 1 through 5

(a) Graph the ordered pairs given below, state the domasin and the range,

and tell if the relation is & function.

(b) 1In each case form & new relation %y interchanging the f.vst and
second elements of the ordered pairs. Graph this re.ation, state

the dcmain and range, and tell if it is a function

M= [(2:3)1 (2:2‘)1 (2:5): (216)}

domain (2}, range (3,4%,5,6], new domain (3,%,5,6), range {2},

relation is nnt a function relation is a function

Aruitoxt provided by Eic:
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L,

Q = ((5,3), (8,3), (11,3), (1%,3), (17,3))
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6. Which of the graphs of the relations shown below are graphs of a function?

(a) function (®) not a function (¢) function

(d) function (e} funection (£f) not a function

NS

(g) not a function (n) not a funection
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7. In the loaded Beam Experiment the data in the table forms a relation.
{a) What are the domain‘and the range of this relation?
domain {0,30,60,90, ..., 300}
range {20,20.4,20.8, ..., 24.6)
(b) Is this relation a function?
Yes.
8. Does the "best straight line" describe a function?
Yes.

9. Are the domain and range of the "best straight line" relation the same

as the deomain and range of the "data relation"? Explain.

No. The "best straight line relation” includes all of the
values of d from 30 to 300, inclusive, and from 20 to 24.6
inclusive while the "data relation” is only a discrete

sampling.

10. Are the domain and range of the equation found to represent the "best
straight line" the same as the domain and range of the best straight

line relation?

Yes.

2.10 The Falling Sphere

The equipment needed by each group performing this experiment is as

follows:

. glass cylinder or jar at least 8 inches high
1 steel ball bearing, about %-inch diameter
1 < all magnet

o . i2-inch ruler, also calibrated in centimeters
1 metronome
1 bottle Karo syrup (white)
4 paper st:.ps, about 1" » 0"

1 roll celloynane tape

This experiment is an investigation o. *erminal velocity. A small steel
ball bearing dropped into a cylinder of Kavn s ~up will reach its temminal

velocity very near the top of the cylinder.

A
o
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Affix a thin paper tape to a cylinder or jar. Fill the cyhinder with

& fluid-such as white Karo syrup Drop a small steel ball bearing into the
fluid close enough to the tape to make fairly accurate marks on the tape at
regular time intervals. A metronome is a conyenient device for merking the
equal time intervals, which should be about two seconds. After the ball tear-
ing has been dropped intc the fluid, put a pencil mark un the tape indicating
the position of the ball tearing at each click nf the metroneme. The students
will find this easy to do after a little practice. It seems to Le a matter
~{ getting into t?é proper rhythm in making the marks. The magne® 1s used to
retrieve the ball tearing after 1t has come to rest on the bottom hf the
cylinder. The tape for each trizl must be saved for use in the next cection

of the text.

Should a metronome be difficult to ottain, i1t may be wvossitle to borrow
one for a short time. Make a tape .ccordang of the metronome sounding at the
correct intervals. This tape can be played lcudl, enough f » the use o the

entire cless.

S.nce, in this experiment, the students are ronsilering Leminal velocity,
they might consider ‘he differences that migh® occur 3? the szme tearing was
to be dropred in other fluids. It weild te advantagesus, as 2 teacher jemon-
stration, to use water, glvcerine, and a ligut il ag ¢ {o 1n *he evperim-nt.
A Zew trials with rach f1uad should lead the situdents % reued e-melisn. ns as

to the errfect of th fluid on the velceity.

Again, 3s = demonstration, cylinders oy jars with difTerent rize pen-
ings should te used with the same fluids as abwe. The stwlente cqn then reach,
a conclusion concerning the effect ¢f “he type 7 container «n 4Lune *erminal

velocity.

The studen® evperiment should be performed with ¢ single cize ot ron-
tainer, and a single' fluad, preferably ’white Karo oyrup. Four trivis will e

needed to provide the necessary data.

2.11 The Graph and the Eguation

The tapes obtained from the trials in the experiment 1n Sectl n 3.9 must

now te measured. X¥ach tspe 1n turn should be factened 4o centimete pile.

2 cern mark on the tape should coincide with an integral vaiue of tre ruler,
e.g., 1,2,3, ... . The zero mark on the riler may te ucel if it ig ~fficiently

far from the end of the ruler to allow accurate placing »{ the tape. The

RIC 0“2
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integral value of the ruler is used to facilitate reading the measure of the

distance between the zero mark and each succeeding mark on the tape. OTince
these distances are to be plotted on the coordinate plane as dependent on thre
time interval, accuracy is important. The various errors inherent In the .'e-
sults obtained by student experiment should provide 8 "breid" .z2ther then a
single line when the graph 1s completed. This will probably occu:r despite a

vlea for accuracy.

Frum tBe "braid" obtained as & result of graphing the four trals of
the experiment, a "test" straight line can be drawn. This line is an idealic-
ation of the greph of the physical data. But this idealization does not repre-

sent any possible physical situation. It is purely an abstraction.

The slope can now be determined by the student. This slope wi1ll have a
special significance. Note that the vertical distance is a measure of the fall
of the bell bearing, and the horizontal distance is a measure of the correspond-
ing measure of time. Therefore, the slope becomes

measure of change in distance
measure of change 1in time

or, distance per unit of time, which is velocity.

S.nce the data graphed determines & straight line, the velocity nf the
falling ball bearing is constant. This substantiates the statement that ter-

minal velocity had been reached by the time of the initiel reading.

Exercise €

The purﬁose of the first two problems in this exercise is to give alternate
ways to find the best straight line from the data already collected. The
actual answer obtained will depend upon the data collected by the students.

The problems are repeated here for the convenience ol the teccler.

1. Repraduce the "best straight line" you have drawn to represent the data
of this experiment on a clean sheet of coordinate paper. Take the four
pieces of paper tape used to mark “the position of *he bail and arrange
them so that the zero marks are in line. On & clean fifth tape
make a mark to indicate a "zero" position and align this mark with
the other zero marks. The other marks on your tapes will not be "in
line", but should tend to center in groups about a number of imaginary
vertical lines. Make & mark on the clean tape to indicete your "guess"
as tn the position which best represents each vertical set of marks. Ising
the fifth tape as 1f 1t were a new triel, mark yvour measurementc in the
usual way, enter the data in your table, and graph the oxrdered puirs. Do

g
o 5
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these points come closer to formi.g a straight line than any of your
four trial runs? How does this line compare with the "guess" you made

fram the "braid" arrangement?

2. From the date of your four trials, find the aversge distance traveled

N by the ball in each time interval. Make a new column in your table,
"Average Distance (rm)", and now plot average distance versus time on
the same sheet of coordinate paper used for Exercise 1. How cyose do
these points come to forming a straight line? You now have three lines
on this sheet of coordinate paper. The first is the "best straight line"
from your or&ginal data, the second is the line cbtained in Exercise 1,
and the third line is the one obtained by the process of averaging.

How do these three lines compare?

3. Draw a graph using & scale of L. FPepeat Exercise 3 with a
1 second for each horizontal horizontal scale of 1 second
division and 1 millimeter for per division, but with a
each vertical division. Draw vertical scale of 0.5 milli-
& line which passes through meter per division.

the origin and has a slope of
1 mm/snc, 2 mm/sec, and 3 mm/sec.
Lahel these lines

’Z;/ e, _‘7 1L
L LY i

/
o] O!Z

2 b 2 4

/ £y

Are the two slopes the same? Yes, since slope is defined by

_ yertical change
" horizontal change

For example, the slope of,l » in both cases is m = % = 1.
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2,12 The Point-Slope Form

There are several forms for the equation of a straight line. In this
section, the point-slope form is developed. Then this form is reduced to

the slope-intercept form.

The ordered pair for the point at which the graph of the line crosses
the horizontal axis would have the form (&,0). H w choose any arbitrary
point on the line having coordinates (x,y). The slope, m, which has been

vertical change
described s horizontal change will be written as

Y-9 _ pn
X -8

or
Y oo
X - &

If the x-intercept i§ not known but some point (a,b) is known, then the

equation becomes

y-® _
X -8 !

which is the point-slope form of the linear equation.

Exercise 1

1. Write the equations of the lines 11’ [2 and 13, using the two
points indicated in the following graph.
8-0 b
f, i m -

1T T3 y ’
3
y _ 4 i
x-1 ° 3 12 j///12
lm_8_-_.§_§_gm /k/’ 4 £
2 =-3 7973 8 S A
6.’!34 P
y-2 _ 2 4 /
x -3 3 L
.-7 _ 8 _ 1 R
byim -H-%5 71 3 2 r/
T
L'_l=_§. 02 6 10 12 1k 16 18
X

The above answers are quoted in the point-slope form of the equation.
However, the teacher should be careful to recognize that equivalent

forms of these equations are also correct.

ERIC v
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2. Write the equation of the lines lh and [5, using the points in-
dicated in the following graph.

s . 2-31 _ 1
L:m 19-12 ° 7
y-31r _ 1
x - 12 7
~ h-2h_l_0_
boim =T =5 -2
S oy-oh o,
x -12
(This simplifies to y = 2x.)
4
36 //—5
*
3k ! -
% ’/"/ L
o /
26
. 24 M
22

0 1012 1k 16 18 20 22 24 26 28

3. Refer to your load-position graph obtajned in the Loaded Beam Experi-
ment. Using a point not on the vertical axis together with the slope,
find the equation to rerresent the best straight line. Show that this
is equivalent to the equation obtained, using.the slope-intercept Zom.
(The answers here will vary from student to student. If the students
have too much difficulty with algebraic operations, you may wish to
omit this problem.) )
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L, State the slope of the graph of each of the following equetions. Give

the coordinates of three points on the graph of each.

(a)‘:(—;g-=3 :

L3

y = 3x + 18 slope : 3, {0,18), ‘1,21), (2,2k), ete.
)y ¥y-2 _ 3
® x5 - 3
y = ;x +;f- slope : ‘3; (O;L); (3;2); (8;5');etc'
i > > 5
y - 10 ~ : )
() =10 = °
¥y o= x slope : 1, (0,0), (1,1), (2,2), ete.
v - 2
(@) 2552 - 3 :
. y = %C- slope : 15', (0;0); (3;1); (6;2); etc.
(e) 5y =2x + 15
2 2 - .
s=Ex +3 slope : 3 (0,3). (5,5), (10,7), etc.
(f) 3x + 5 o=y
y = 3x + 5 SlOpe : 3; (0;5); (118); (2;11); ete.

yegx -9 slope : 2, (4,1), (6,6), (8,11), etc.
2 9
(r) -
v -5 10
y = %gx + gg slop% : lg, (O,%;), (l,%;), (2,%;), ete.

Sample Test Items

I. TRUE-FALSE .
1, When we ;raph experimental data, the scales we gsé on the graph
‘ paper must intersect at the origin. )
2. It is best to have a graph "fill" the graph peper as much &s
possible.
3. Scientists and mathematicians are usually satisfied with the

results of & single trial when perfcrming an experiment.

ss (7
\‘1
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t

Diffefent groups performing the same experiment will alweys have

the dame "vest straight line".

5. The slope cf a given line depends on the particuiar pair of points
used to determine the line and may be different for different
points. *

6. Sloiz is positive for a line which rises to the right.

T. Slope is undefined fer a horizontal line.

8. ~Ihe equatimm 2y = 6x + 3 is in the slope-intercept form.

9. _ We can-draw a line if we know its slope and its vertical-axis
intercept. )

MATCHING

1. The physical model of an a. Best straight line
ideal experiment b. Domain

2. Axis of the range ¢.  Function

d. Horizoutal axis

3. The ratio of vertical

e. Range
change to horizontal £ Slope
. -
change for a straight line g. Vertical axis
L.  Axis of the domain he v = 3x
= +
5. An equation in point-slope : 3x f
y - 5 _
form . o T TT -3

6. A relation in which each

element of the domain is
' associated with exactly
one element of the rangé

7 An equation in slope-intercept
form . '

8. The set of first elements
within a set of ordered pair
that forms a relation. <

?. The equation of a line t.at
passes throuéb the crigin

10. The set of second clements

within a set of ordered pairs

that forms a relation




1.

B

III. COMPLETION

The ratio of vertical change to horizontal change is called the

fa} of the line. Its symbol is (bi .

The is the point where the graph meets the vertical axis.

In graphing a function, the elements of the are generally

represented on the vertical axis.

The slope of a vertical line is

The slope of & line through (0,0) and (3,%) is
The y-intercept of a line through (0,0) and (3,h4) 1s
The equation of & line through (0,0) and (3,%) is ___  _

Lines having :ero slope are

The slope of the "best" straight line in the Falling Sphere ®x-
periment was actually & measure of t' e __ of the falling

sphere.

gﬁ’f{ ¥ PROBLEMS
A
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1. Using the coordinates shown, find the slope m for each graph and
write the equation for each.
(a) (v) (c)
c,d b
) ) r,s) (5: )
(a.vb)
(0,0) (¢,0)
61
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2. Which of the graphs of the relations shown below are graphs of a
funetion?

APy Ay AY

A
|
:

A N

>

et > -s—————4§;:—

\

N
]

3. Given the points (3,8) and (14,10), write the equation of the line

which passes through these points.

62 ...
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L. Suppose the following data hed been obtained

Experiment similar to the one we performed.

1n a Loaded Bean

THE LOADED BEAM EXPERIMENT
Trial 1 Trial 2 Trial 3
Ioad Position Positzon Position
(grams) (centimeters) {centiméters) {centimeters)
0 20.0 20.1 20.1
£0 20.8 20.9 20.9
120 21.7 21.9 2.5
180 2.2 22.7 22.8
2k0 23.% 23.% 23.7
300 eL.2 oLk 24 £
{2) Graphr the 3ate from the various trials, carefully select.ng

{v) Determine a "test straight A
line”.
o 2
5. Suppose the line at the right B
-
PR - . 3)
had been your best line for E 2k
- e
tne Loaded Beam Experiment. £ 23
v . . Q
Using the process of 1inte.- -
S . X . -
polation, what would te the - 22 J
- n - o
position for a load of 150 A /
. 5 21 Y
rems 5]
g 0
[N
20
- f 20 126
6. Given the equation y = 2% + h,

complete the fcllowing table.

180 2ko 300';

load in grems

=

w | O

Graph *this set of ordered palrs.

PO peaf -
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. Given the equaticn y - 6 = 3(x + 4).
Determine the slope end the y-irniercept of the graph of
the line.

8. Given (0,4) &s a point on a line. Graph this line if

te

. Write the equation of the line.

9. What is the equation of a line through (0,5) and (2,7) ?

Sclutions for Sample Test Items

I. TRUE-FAISE

-3

:

vaf

o]
[
[
(1]

False

by
o
¥
[}
1]
O O =N O
b

True

. False
171. MATCHING
1. {a) Bes® straight line €. {e¢) Function
2. (g) Verzical exis 7. (2) y=3x+7
3. (£} Siope 8. {b) Domain
-. {d) Horizontal axis 9. (1) y = 3x
v o= 10. {e) Range
S. i = * st
5. (3) &=% =3
III. COMPLETION
N - Ly
1. {8) Slspe 5. 3
() m f. origin
u
T 2. y-inte.ow-r* 7. ¥ = =x
3. range 8. horizontel
L. undefined g. velocity
\‘1 6& ;
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PROBLIMS

1. (a)

c,d)

0,f)

slope = — L
equation: y = (& ; ®)x + o
(e)

\8 yb)

(c,0)
slope =
a-c
_t

. 7
equation: ;—f—— =

(a) functicn
(v) not a function
(c¢) not a function
(a) function
{e) not e function
(£) function

not a function

(v)

(r,s)

slope =

" |U)

egquation: y =

s jn
x

(sny equivalent form of this eguation

should be accepted as a correct answer.)

~




3. (3,8), (1k,10)
_l0-8_ 2
R -3 1
y - 8 2
ati L2 . <
Equation X -3 1
. -10_ 2
RN} N
- L. (a)
25 /,
2k A
22 -
21
200 60 120 180 240 300
(b)
25 ‘/—
2k [y //
/
23 (7
22 |V/
21
20 l
0 60 120180 240 300

ERIC
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These two forms are equivalent
and, therefore, either is

correct.

Greph (a) shows the "braig"
thet students would get by

grephing each case separately.

Graph (t) shows a "iest" line
graph for the deta given in

this problem.




5. At load of 0, load is 20.
At load of 300, load is 25.

Slope of "best" line = £2-20_ 2

200 - 0~ 300
p-20 _ 1
150 - 0~ 60
h ]
e e
pP=20+2.5
=22.5 m
6. y=2x+kh 10
x y
-CT-_ L /
3 10 5//
1 6 A '
L ¥
5 5
5 N
L 12 G 1 2 3 5
7. y-6=3(x+14) ﬁ
y-5=3x+12 L,o-—/
y =3x +18
slope: m =3 6
intercept (0,18) 20
/2
0 10 20
8. m==2 (0,4 \
13;1 Lo+ hd
equation: y = =x
3 10 ]
5‘2'_‘11/
&1 73
0 5 10




(0,5), (2,7)

Slope: m =l%—2-_-

y=x+5

=1

[ [3V]

Equation:




Chapter 3

TRAMPOLINES AND GASES

3.1 Introduction

This section serves to set the stage for a physical experiment about
the trampoline. It reminds the student of the experience of bouncing on a

trampoline.

3.2 The Trampoline Experiment

This experiment will be performed by the teacher as a class demonstra-
tion. You will need to use student help to do the experiment. The equip-

ment needed will be:

1 9-inch aluminum pie plege

6 15-cent balloons, spherical

1 10 X 2h-inch sheet bristol board

1 pound of model: g clay (for leveling plate)
2 glass balls (marbles)

1 desk lemp (or slide projector)

2 %-inch nylon bearings (if available)

The p. «dure for performing the experiment in tﬁe student text may be
varied very effectively by use of an overheed projector. The projector is
laid on the floor and the scale (on a transparency) is placed on the stage
of the projector. The images of the bounces are prQJected on a wide paper

tape hung for a screen.

A series of bounces should be made to establish approximately where¢ each
bounce number will be found on the scale. It is important that when data is

" actually recorded, the trials be made on one bounce number at a time.

A sample data sheet is providgd in Figure 1 (dat~ for nylon bsll shown) .

ERIC
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THE TRAMPOLINE
bounce . . Average Corrected Calculated
number Height in cm (n) height hs ight heights
(1) n (2) triel 1 | (3) wrisl 2 (4) trial-3 | (5) trial 4 (6) n (1) n (8) h (9) n
N n n+l ntl
0 50.1 tobtained from shadow) 50.1 46.0 %0.3 39.6
1 4.5 4h.5 ! L L 4.3 ik 40.3 \ 3h.2 34,0
2 38.3 38.2 38.2 38.4 38.3 3h.2 27.7 29.3
3 31.9 31.8 31.8 31.8 31\.8 ~ 27.7 '23.0 _ o582
L 27.3 26.8 27.0 27.2 27.1 23.0 19.7 21.6
N . 23.8 23.7 23.9 23.6 23.8 19.7 17.0 7 18.¢
© 6 21.3 21.1 . 21.0 21.0 21.1 17.0 15.% 16.0
7 19.2 19.3 19.5 20.3 19.6 15.5 13.9 13.8
8 17.3 16.8 17.3. 16.9 17.1 13.0 11.0 11.9
. 9 15.1 14.9 14.8 15.5 15.1 11.01 9.0 10.1
10 13.8 11.2 13.°7 13.8 13.1 9.0
obtained
- by
é-znch nylon bearing (diam. 1.4 em) subtracting NYION *
helem BALL

18
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N
THFE TRAMPOLINE /
B. unce Height in cm (h) Average Corrected
number height height
. n trial 1 trial 2 trisi 3 ¢! hn

0 50.2 (.2 L

by .3 s b Ley e Gl h1.3

1, L1.3 1.3 L1.2 1.2 3.2

t 37.2 374 3/.0 37 3341

. & 32.h 32.h 324 324 28.3

_, 10 30.8 31.1 30.f 30.8 06 .1
- GLASS
MARBLE

|
-- DATA DISPLAYED ON (n,h) FLOT --
e 3
Cigare O
o}V
Q
|

re=
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3.3 Function of Integers

The results of this experiment, when graphed Qn"coqrdinate paper as in
Figure 3,'indicete clearly that the points do not lie in a straight line.
Vhile this is a perfectly guod graph and has an equeticn, the ordered paire
for the graph are single points e‘nd'the use of the equation, if the students
could find it, is beyond this present level of mathematicel knowledge. Cer-.:
teinly 1t is not a linear function a3 the chapter heading indicetes. The
deta ottained for this exp'eriment and the graph of the data is ipcludéd in

Figure 1 and Figure 2.
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Exercise 1

1. Can your graph of bounce number (n) and tounce height (h) be used to
interpolate values of the height for nonintegral values .f the bounce

aumber? Explain.

No. The bounce height occurs once, and once only, for each
integral number 0, 1, 2, 3, etc. There is no such thing as

as & bounce number J% .
2. Why can your (n,hj relation be referred to as a function?

Each number n (0, 1, 2, 3,_etc.) gives a unique corresponding

height h.

3. Do you think that the (n,h) graph can be extended to Tind values of “he
maximum bounce heights for bounce numbers greater than 1C? If so, to

what value of n would you be willing to go?

Yes, for greater than 10, but the height will be harder to
measure. As n increases, the bounce heights become more

difficult to measure. Furthermore, the bounces soon stcp!

4, Construct a graph that shows roughly the time of sunset for each 1uy of

this week.

Data for this could be best collected from local newspapers.
Almanacs and calendars include general information for somne
_time zones and these times sre not usually true locally.

Such times for special localities are usually given i1n T.V.

weather broadcasts.

3.4 Mathematical Trampoline Model

At this point we look more closely at the Jdata and try to find come re-
lation which does yield a straight line graph. TFortunately, in this case we

succeed quickly.

We suspect that there is a relation bLetween the height to which the tail

bounces and the height Yo which it bounced the time before. With the datu

already collected we are able to meke a table of values, giving for each
bounce the height of that bounce and the height .f the next Lounce. [Le tabie

is written in the student’s text as the ordered rpairs

Q T3 2*()
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etc.

The corresponding table for the experimental data used in the previous

sections is shown in columns (7) and (8) of Figure 1.

Trese ordered pairs, (hn, hn+l)’ were used in plotting the points for
the graph in Figure of the students! text. When they use their own data,

the graph will be slightly different.

In this case it is also possible to fill in the points on the line by
varying the height from which the ball is dropped. Tre slope must be obtained
by measuring distances for the coordinates of two pcints on the line. For

example, when (23, 19.6) and (13, 11.0) are points on the line, the slope is

_16.6 - 11 _ 8.6 _
m=T% 13 T 10 - 0%

und the equation of the line is

hn+l = 0.8 hn .

If the equation is written in the form

hn*l = mhn

th'en .
hn+l

h
n

m=

This will enable us to determine all\of the bounce heights in terms of the
bounce number end the height of the previous bounc¢ -- or more simply, in
terms of the number n and the original height from which the ball was dropped.

The data table cuould have been written in +he form

@l

) T
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(cm)

n+l

h

Since m 1s constant (as snown
& given trampoline system,
one with a variatle in the exponent.
stricted to a particulaer domain, out we have been able to

by the use of our ¥rnowledge of linear functions.

Figure 5 cho.s the graph of the linear func

16

(99

s the equation

¥ the straig

the variables are n and ho. and the

-y

Figure 5) for

equation 1s

It is certainly not linear and is re-

find the egquation

ion wnose egquation is

.
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3.5 [Experimental Extension

If a nylon bearing is not aveilable, then a wood or cork ball might be
substituted. ’lLso, one can dispense with the trampoline and use the ball

from a roll-on-deodorent jar and bounce 1t off the floor.

Exercise 2

1. Referring to your graph of the (hn’hn+l) relation, what is the domain
and range of the experimental data? What restrictions, if any, would
you place upon the domain and range of the mathematical equation found

to represent the line?

This refers to the students’ counterpart of Figure 5 in the

¥ text. The domair (hq) will te approximately 6 S'hn <50 eand
+3 1
the range (hn+l) 5<h 4 < 40. (The students' measurements
may vary considerably.) The domain and range of the mathema-
tical equation representing this data cannot safely be ex-

tended too far from the experimental data.
£

2. Suppose that

h . = (0.5)“”}10 .

n+l

Sketch to the same scale a series of (n,h) points for hp = 10, 50 and 100.

For ho = 10 For ho = 50 For hO = 100
n h n h n h
0 10 o | 50 o | 100
1 5 1 |oes 1 50
2 2% 2 | 125 2 25
3 1§ 3 |6.25 3 ]12.5
I % L 3% b | 6.25
oo [T i D R 2100
DU N R S AR 615§ I 1
100(}.&,, D T NI SN '.‘LL ST SVt
e I IR RAE SRR U I R = 453 h&y F 10
Bo [l LI L e
U S SRS SOV U0 SN S + b do g
60 i T LT
j SO S S O O O U S S i,
ol SR S0 *“"‘jj‘ P
eo | Ll IIAIITL :&{I:’fif;:.f_l_'. Lt
JSRSREETSSSSS SSAEL SRENI |
0 1 2 2 4
4
| ERIC A
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L,

Suppose that
. n+l .
nn+l =m 100 .
Sketch to the came scale a series of (n,h) points for m = 0.3, 0.6
and 0.9. R
For .m = 0.3 For m = 0.6 For m = 0.9
o~
n h n h n h
0 100 0 100 0 100
1 30 1 60 1 90
2 9 2 36 2 81
3 2.7 3 21.6 3 2.9
L .61 i 13 ! &b .6
‘i‘
5 L2 5 7 i 58.1
100 & D‘ ! '
for m = 0.
90 £ or m 9
80 h A form=0.6
70 m © form= 0.3
4] e
60 A !
T ] ;
30 , —
i |
)LO i Pl
1N |
30 @
20
. A
10 RO A
o - D ol
0 1 2 3 b 5
Make a »Jossible interpretation of the significance oi the equation Z?\
N
. n+1l A
hr,, = (0.5) - 100
for the case n = -1.
The point of release is 100 for bounce number O.
Wny did the domein of tne relation
n+1 ’
fpar =0 By
include the value n = 9 and not n = 10 ?

If n = 10, then n+l = 11, and there was no bounce number 11.
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6. What is the physical unit of the guantity "m"” in the equation

— n+‘ ”
. hn*l =m ‘ho ?

n_n
i

None. "m" is a ratio or gquotient.

7. Do you think 1t would ve possible to find a value of m greater than

or equal to 1 ? Explain.

No» This would imply the height of bounce is higher
than the point of releese.

4

S

3.6 Gay-Lussac’s Law Experiment ® *

S

This experiment will deal with the change 1n »ressure of an enclosed

gas (ordinary air) vs the temperature. However, we shall be interested in

this experiment because t#ere is some physical meaning tc. the extension of

the comain (the temperature) beyond the experimental data collected and the
accompanying mathematical concepts of graphica. and elgebraic translation of

the coordinate axes.

Because of the expense of the equipument and the fact that hot water is
used, this experiment will be done by the teacher as a class demonstration.
You will need to have a few students asssist you in the experiment. 1e equip-

ment needed 1s:

A Gay-Lussac’s Law {(also called Charles’ Law) apparatus
(¢v -. study - cenco No. 76525) . »

Centigrade thermometer

Vessel for water

A source of hot water

Ice

Heater to raise water to 100 degrees C (optional)

Ring stand to hold apparatus (optional)

Data for the table of values (temperature, pressure) will be read byJ
the experimenters and should te written on the chalkboard and copied by each
student in the class. The table of values found in this experiment is given

on the following page. (See Figure 7.)

Fach student will then graph this data on a coordinate system using the
appropriate scales. He should then ve able to draw his best straight line as

has been done in the other experiments.

The students should also_be able to write the equation of the line

1

9
89




<

quickly by the use of the point-slope fom or perhaps by the slope-intercept
form if you were eble to reduce the temperature to O degrees C in the experi-

ment, .

For the datg given above, the graph apvears in Figure 8.

Gay-lLussac's Law
Temy . Pressure
(°c) (1bs/in?)
99.4 18.0 boiling +ater
85.5 17.6
. 5.5 17.2
65.5 16.4
: . 55.5 16.0
k5.5 15.6 )
35.5 15.0 .
25.5 1k.6
21.0 k.4 |
10.5 13.8
1.2 13.4 ice mixture
gauge
tapped gently
before each
reading.
Figure 7
o
‘ 8 s
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A vest straight line is drawn and its slope is found by the use of the
points M and N to be

_16.50 - 15.25  1.25 _
m = ’ 65 — ho = 25 = 0-05-

If (C,P) represents any arbitrary point on the line, we may use the point

M {40,15.25) to write the equation of the line

P-1

N

.2

\n
1}

= 0.05 {C - LO)
0.05C + 13.25 .

jae)
1}

No exercise is given at this point becsuse we are more interested in

the possibility of extending the domsin and range of the function.

3.7 Extending the Tempersture Domain

The idea c¢f interpolation is brought up again here. At *the end of jthe
section problems on this and the preceding experiment are included. The
idea of extrapolation is emphasized, though still with some caution. There
are apperent physical limits in the other experiments which are mnre easi.y
recognized. These limits must be considered by the students in solving the

exercises.

Since it mekes mure sense to extend the domain and hence the graph of
Gay-Lussazx's Law tc the left, we do so and are able to arrive at a tempera-
ture for zero pressure which is approximately the absolute zero which
scientists know is slight}J lower than -273 degrees C. Perhaps the studentc

have also heard of this temperature.

Exercise 3 . %
1. The table below shows the speed of sound in air et various Fshrenheit
temperatures. The ahsolute zero of *“emperature on the Fahrenheit
‘ scale is -460°F.
Temp. (°F) -30 | -20 ol 20| s0| 8| 110
Speed (ft/ =c) | 1030 | 1040 {1060 [ 1080 | 1110 {1140 | 1170
—_—
82
O

(&
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(a) Draw a graph showing the relation between F and speed of sound (sy. *
Make temperature values the domain and let the origin represent

1000 on the vertical axis.

(b) Write the equation for the relation between F and S.

. S
7T Tt X
T T T agen S T
| il ' L
T T e |
) T T I i
“_7"| ! ! |
i B !
i
L
Can
i 8
T
T
i -
it = 1060 | |
T 11 I I
RN ! X
T I ‘ '
Ll 2dobld L. DUV SV ~ I
B NREEE N EBE N . L;g
| ' ( i f g + +
——+46~30-201~01-30+80-30-40- 50160, T0 - 80 90 100- 210 - -
. S ,‘:' B T S S TS

2. The relation between Centigrade and Fahrenheit temperatu:res is expressed

in the equation C = % (F-32) . \
Write the equation obtained by reversing the variables.
F=2¢+30
2
\
!
!
83 -".
Q . DI

.ERIC

Aruitoxt provided by Eic:




3. In sn experiment on Gay-Lussac's Law, a student found that the pressure

of the gas was 7.5 1b/sq in at 20°C, and 9.5 1b/sq in at 100°C.

() Greth the relation

-300 =150 -100 -50 0] 50 100
(t) Write the equalion representing the relation between the pressuce

(P) and the Centigrade temperature (t).

mt +b
P 1

. W*?

(¢) At what temperature would tho pressure of the gas be 5.2 lb/sq in?

5 B
Since m = és = ﬁs 5 b=7Tand P

h@oC
1]

(d) What would be the pressure of the gas at 50°.?

8.25 1b/sq in

3.8 Graphical Translation of Coordinate Axes

¢

Translating axes by the use of the sheet of fros%ed acetate (or other
subetitutes) is not difficult and will often help the student to simplify
t1°" ~quation cf the line and the orientation of the graph. Each student
should have his own sheet-of acetate. Before the acetate sheets are passed
ouz, draw a set of coordinate axes in the middle of each sheet. Use a heavy
ta:l-point pen. Do not Write any number or scales on the sneet. Students

w21l write these with a pencil sirce they can then be easily erased.

While it Is possible to position the new axes in any manner whatsoever,

(i.e., they can be translated and rotated) translation horizontelly and

I3
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vertically will be all we do here.

-

The amount and direction of translation is purely arbtitrary. But in

graphs based on science experiments, the physical situation usuelly suggests

2 "natural" location for the ney axes. For example, when dealleg with Gay-

lussac's Law it will be the point at which the pressure is zero. The only
way phe student will be able to approximate this point will be to extend his
graéh to the left until it crosse: the temperature-axis (not included in his
original graph). If-this point of zero pressure is near to -273 degrees on
the C-axis (between -260 degrees C and -285 degrees C) it'will be close
enough. The equation in the new coordinate system will obviously be in the
form

Y = mX (See Figure 9.)

Gdy-Tusgqacs Law

1 l J
| 6 i 1
3 « ’
‘ 28
)4l
J4
3 <
2 AN
’5 // ‘ ]
o
g - V4
& //,
/,/
//
// N
R //
//
//
t 274G o
-300 -200 -100 0 100
Temperature (°C)
Figure 9 /
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" Exercise b

Find your load-position graph that you drew in the loeded Beam Faper:-
men.. Using a sheet of frosted acetate that carries coordinate sxes
X and Y, translate the origin on the overlay to the y-intercept on
your graph. What is the equation of your "test" straight line with

respect to the shifted axes?

Y = 0.015X

(using data presented in Teacher’s\Commentary - Chapte. _)
ng I

How could you perform the Losded Beam Experiment to obtuin the equation

found in Exercise 1 directly?

Have the meter ctick placed so the end of the bteam coincides

with O on the stick.

Draw the line Iin the first quadrant that contains the point (2,3) and

+. 1 . S X
whose slopé is 5 Use your plastic overley to ob.ain the new eguations

of this line when the origin is shifted
(a) to the y-intercept;
't

y o=

(b) to the left 3 units;
3
= =x + 3.5
y=5x + 3.0

(¢) - to the right 4 units and up 3 units;

.

= +
J Ex 2.

Draw the line in the first quadrant which contains the points{(1,7) and

’

(7,5). Use your plastic oversay to obta.n the new eJguations of this

. line when t¥ » origin is shifted

(a) to th: intercept;

7
() to the y-intercept;
1
= ==X
y=73

(e} to the point (4,8);

86
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3.9 Algebraic Translation of Coordinate Axes

This secticn is purely a mathematical discussion of translation of the
axes. Though we did write the equations of the line representing Gay-
Inssac’s Law at the end of the preceding paragfaph, this cannot always be

jone as easily, especially when the graph represents curved lines.

The explanations of the algebraic translation of axes in the students’®
text is clear and needs no elaboration here. You may feel, however, that
more drill similar to Exercise 4% will be needed. All you will need to pro-
vide this drill is to give the class equations of the sort 3x - 2y = 7 and
ask them to translate the orlgln to various points like the y-intercept, che

point (5,%) or (0,6), and so on. .

To translate the axes of this equation “o the point (5,4) write it in

the fom .
23, .1
Y= "2

or Y“0=%X+('%)>'

It is now in the point-slope form and you may use equation (2)
Y + o)+x (X+ -- +h>

where h and K are 5 and 4 respectively. This becomes

23 -0

Y+o+h-2(x+ +5>
Y + b4 = % (x + _)

or Y = % X .

Since the point (5,h) is on the line, you would expect to get equations in

the fomm
Y =mX .

If, on the other hand, you want to translate to the point (5,-4), it is

done in this manner:

(o) + (1) =2 (x+ (D) +5)
23 8
Y - & =5 (X+3)
Y -4 g (X) + b
v =3x+8.
87
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#* Exercise 5 .
.

When we extended the temperature domain for the Gay-Lussac®s Law Experi-
ment, we found that the graph intercepted the te iperature axis near the
(-273,0) point. Algebraically translate the origin of your graph to
this intercept. Write the new equation of the line. Wnat are the new

units of temperature, pressure and the slope of the line?

Using the equation P - 15.25 = 0.05 (C - 40), we translate the
sxes to (-273,0)
y +0=0.05 {x - 233) .
The new units of temperature are degrees C, of pressure
pounds per square inch. The slope of the line is the same,

since this is not a“fecteu by translation of the axes.

Draw the line in the first quadrant ‘hat contains the point (2,3) and

whose slope 1s % - Write the equation of this line in point-slope form.
Obtain the equation of this line algebraically when the origin has been
translated ~

1

y-3= > (x - 2)

(2)  to the y-intercept

(v} to the left 3 units
1
-Y'3_2(x'5)

(c) tothe right & units and up 3 units

y = % (x +2)

Compare ycur results to those obtained graphically in Exercise 3 of the

previous section.

Draw the line in the first quadrant which contains the peints (1,7) and

(7,5). Write the equation of this line in point-slope form. Obtain thé

equation of this linc algebraically when the origin has been translated

(a)  to the x-intercept y + % = % (x -1)
(b)  to the y-intercept y - 7= -% (x + 21)
(¢)  to the point (4,6) y -1= -% (x +3)

Compare your results to those obtained graphically in Exercise 4 of the

previous section.

88
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Sample Test Items

True-False Items R
1. All measurements are approximate.
2. Iines drawn on the same coordinate paper erid found to be parallel
have the same slope.
3. in the “temperature-pressure" experiment, the pressure of the gas
decreased as the temperature was increasing.
4. Not all gases behave in the manner described by your graph when you
extrapolated to lower temperatures.
5. When you translate axes you do not change the graph, but merely the
mathematical description. .
Problems
h
1. 1In the trampoline experiment, we found the slope m = —ﬁ—-];, a ratio
between two successive bounce heightse. n -
' () Find m if by, = 36 and ng = 27.
(v) Find m if h, = 18 and hg = 12.
(¢) Were these measurements taken on the seme type of ball?
.’.
2. 1In the trampoline experiment, we discovered the equation hn+l =m 1‘ho.
(a) Find hoyoifn=3, m=3 and h, = 6h.
(v) Find B4 if 0 =2, m=% and ho=96. ,
L b | ! il
3. (&) In vwhich direction must P - IT ! R L
[
you translate the graph T -
to change the y-intercept s - :
!
to zero? ; 34 4 -
S e -
(v) How much must it be trans- LA _
, lated? o -
a 4 . B e I B
' 2 L i
T BaN T
T AN NSRS R
NN P A R
. ol It PR S S ) N I I
4, Examine why the value of m in tie Trempoline Experiment does not exceed
1.
8
O S 9 9
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Ansvers to Sample Test Items

True-False
1. 1 b, T
2. T 5. T
3. F
Pro?:lens
1. (a) m=%’

(b) m=§

(¢) No .
2. (a) h!‘:h

(v) h3 = 40.5
3. (&) ‘Down

(b) 2 uniis
y,

The ball would bounce higher than the point from which it was
released. '

| SN
e
()
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Appendix A
GRAPHING EXPERIMENTAL DATA

A knowledge of the meaning of ordered peirs and how to plot ordered pairs
on the coordinate plane is needed btefore beginning Chapter 2. Appendix A
gives a brief ‘treatment of the subject and introduces the terminology necessary

for the student to understand Chapters 2 and 3.

If your students already have a knowledge of plotting ordered pairs you
may want to spend'one class period on this appendix as a review. The problems
provide an introcuction to the type of material which will be covered .n the

last two chapters.

. Exercise 1
1. Write the ordered pairs of numters which are associated with the points

A through F in the figure below. *

-
(e

-1 0 \O

k=g
jw]
2

nN w &=\ O\

q‘43 ik—F
44r-c

0 1 2 3 L 5 6 7 8 9 10 1112

)

o Ui
Q ,




o

O
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Craph the following sets of ordered pairs on the same sheet of graph

paper.
(s (0,0), (1,1), (2,2), (3,3), (&,4), (5,5)
(bg‘ (0,0), (1,2), (2,4), (3,6), (4,8), (5,10) i
(c) (0,0), (1, 3) (2,6), (3,f>>, (5,12), (5,15) X
(8) (0,0, (L,3), (2,1), (3,13), (4,2), (5,25)
(e) (0,0), (1, 1), (2,4), (3,° ), (4,16), (5,25)

NOTE: It will protably be helpful to begin this problem ss a
classroom assignment. Noﬁice that in all five sets the
first element of any ordered pai. never gets larger than
5 while, in part (e), the second element of the last
ordered pair is 25. The horizontal end verticel axes
do not have to have the same scales and a graph-should
be made so as to "fill" the paper. This point will be

emphasized in Chapter 2.

The text makes no mention of connecting the-points.
However it will be helpful to have the students connect
the points with dotted lines (or a do;ted curve for part
(e)) simply as & means cf "keeping the set together".
Chapters 2 and 3 will discuss continuity and when points

may be connected.
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Make a set of at least five ordered pairs to satisfy the following

conditions.

The sets telow are representative of answers the students

should have. Lt

(a) The ordered pairs for which the vertical coordinate is € times

the horizontal coordinate.
P 1 1
(y = bx) : {(0:0); (E:e): (5;3): (1:6); (2;12))

(b) The ordered pairs for which the verticak coordinate is '
3 times the horizontal coordinate.
1
(y = 3x) : {{0,0), <§,1), (1,3), (2,6), (3,9))
S

{¢) The ordered pair for which the vertical coordinate is 2 more

<

than twice the horizontal coordinate.
1.y
(y = 2x + 2) : ((0,2), (5;3)) (l;“); (2;6); (3;8))

(@) Tre ordered pairs ior wnich the vertical coordinate is the

square root of the horizontal coordinate. ©
(V = /;) : {(0:0); (l:l): (uye): (9:3 ) (16,“)}

(e) The ordered pairs for which the vertical coordinate is the

cube of the horizontal coordinate.
(v =) : ((0,0), (1,1), (2,8), (3,27), (4,64))

Two additional problems which could be given as a classroom
exercise follow:
{a) Graph the set of >rdered pairs which were formed
for Problem 2.
(b) write statements (similar to those in Problem 2)

to describe the sets of ordered pairs in Problem 1.

Make a graph of the “ata recorded in each of the tatles below. In
each case, the top row ind:icates t:ie horizontal coordinates and the
bottom row the rertical coordinates. Be sure to label the axes

correctly (refer to Figure 5 in text).

O
=

—
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Time (sec) % 3
Speed {meters/sec) %;7 13
16
% 12
~—
P
)
2
@ -
E
; 8
T
.Y
[oN
N
L
O
0
Distance of object {cm) ol 5 3
Distance of image (cm) 516 [0
32
]
[\
_afn
E‘ 1
‘; ]
W 18 “
£
o] +
oo \
g g
£ 10—k
- 8
A 6
!0
2
0 "’
0 2 22

Distance of object (cm)




. (¢) Weight in o2 —é- 1 l% 2 2% 3 3% 4
. Cost in ce.nts 51515 |10} 10 | 15 l‘j 20 |
N
‘ pA
+ 20
a ‘f
+ | B
ol .
- . 15 : .
s 7 l *-"*—
- \ X
+ 1 Sl l
8 10 A
8 ?""J” |
—
| | i
| 1 .
) . & i .
{SRgnans '
! i
o ' ] !
0 1 2 3 "
) Weight in oz
- 3-
~ !
_L oa? —~— ‘
|
) .
o 96 |
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SCIENTIFIC NOTAT1ON . A

Scientific notation is ‘not used 8s such in the text: hLowever some famil-
. iarity with exponents is ¢&ssmx:ed in Chapter 3. Ctudents at %his level protull;
. have studied scientit'ic notation and & brief review ma; te sufficiem This
appendix is designed for those classes or individual students on have not
préviously bgen exposed to tk_t- . e of material. The text should be taught

for familierity wit!l. the procedures and not necessarily for complete master;

of the subject. “ oo . -
! ) Ixercise 1°
N
1. For each of the following, indicate the base and the exponent.
Rase Expcnent Rase’ Exponent
2 .
(a) 6 : 3 @ 9 2
a
(b) 10° 10 s, < (e) X2 X 2
8 5 =
(e) 5 : 8 (r) x” ' x :

2. Usinb exporents, write each of the following in btriefer form.

(@) 3x3x3x3 -5
(t) 10x10x 10 - 103 )
(€) 3x3%x3x:x? ' -33 %2
(35><3x2x2x3x§ -22x32x"2
(e) 1.20 x 10 x 10 x 10 ’ “1.2 x 107
_'3. Wt is the velue of each of the followirn.? -

(e) 3" =3X3X3IX3-06L . .
(b) 23 =2x2x2-= 5 )
() = x =Bl
(a) ;’41 = XXX o= 62y
(e) 10° ’ 210 X 10 X 10 X 10 x 10 X 10 = 1,000,000

' Te) #-23 S (3x3) - (2x2x2) = +8=1T
(@) 33 +2° S (3%x3%x3) +(2x2) =27 +b =31

107 ,
[]{j}:‘ : < )
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In

23x

Protlems 4-7.-tell which statements are true .nd which are false.

33 = 63
23 x 33 = (2 x2x2)x(3x3x3) 63 =6x€Ex6
= 8 X 27 = 2:\.6
= 216
. 216 = 216 The statement is true.
23 = 26
Bxd-(exex2)x(@c2x2) ®-2x2x2x2x2x2
= 8 X 8 = 62#
= 64
64 = 64 Tre statement is true.
3.4 :
3x3=3x(3x3x3) B e yx ox
=3 x 27 = 2
= 81
31 § 727 The statement is false.
)
23 - 2°
22 .23 - (exex2x2x2) - (2x2x2) P -2x2
=32 -8 ‘ = 4
= 24 I

25 4 L4 . The oMement 1s false.

Exercise _g

g

Perform the indicated multiplications mentally and wWrite youir eanswers.

2$Jaxld“
3.258 x 10°
.023 x 103
35.68 x 107t
338.2 x 1073
151 x 10'h
.0031 X 107 |
29.35 X 1072
3.05 x 10
3.05 x 10

0.0259k
325.8

23 .
3.568
0.3:82
0.01517

310

= 0,293,
0.0000030¢,
3,050,000

H

98
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; 2. Express these measurements in scientific notation.

() There are rore than 4,500,00u [L4.5 X 106] red corpuscles
per cubic mm of blood. '
(b) and (¢) If a given sample of material contains 2,000,000
« [2 x 10°] atoms.of U230 in 1964, this seme sample will
contéin 250,000 [2.5 x 10°] atoms of UZ3C in the year
13,500,001,96k, (Wz;ite the number of atoms in scientific
notation. )
‘ (@) The aistance to the sun is 150,000,000 [1.5 X 108] km .




The metric system
version of units is not
in a study of the metri

Appendix C :
METRIC SYSTEM

is used for measurements throughout the text. Con-
called for, but the authors,feel that some time spent

¢ system and conversion of units will be valuable.

Exercise 1

\

1. Conversion Factors
lm=100 cm
lm= 10dm

ldn= 10 cm

100 m = 100(10 dm) = 1000 dm
100 m = 100(100 cm) or 1000 dm = 1000(10 cm)
= 10,0C0 cm = 10,000 cm

100 m = 1000 dm = 10,000 cm

} 1
2. | Conversion Factors 37.2 mg = 37'2(1—06'5 ©)
1000 mg =1 g = 0.0372 g
1000 g =1 kg _ , (L
= 0.0000372 kg
37.2mg =3.72x 102 g = 3.72 x 1070 kg
3. |} Conversion Factor 281 liters = 281 (1000 ml) = 281,000 ml

1 liter = 1000 ml

L. | Conversion Factors
10mm =1 cm
100em =1m

10CO0 mm =1 m

1285 cm
1285 cm

1285 (10 mm) = 12,850 mm
1285 (1%6 m) = 12.85 m

1285 em = 12,850 mn = 12.85 m
X J
5. | Conversion Factors 0.155 g = 0.155 (1000 mg) = 155 ug
“ . 1
1000 mg =1 g 0.155 g = 0.155 (fG dg) = 0.0155 dg
l10g =1 dg
0.155 g = 155 mg = 0.0155 dg I
6. | Conversion Factor 500 kilowatts § 500 (lO:E)O watt) = 0.5 watt
¢ 1000 kilowatts ¢
= 1 watt
¥
¥
S 100
Q ¢ r
ERIC 119
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Conversion Factor
10 d1 = 1 liter

Conversion Factor
1000 cycles
= 1 kilocycle

Conversion Factors

106 microseconds
= 1 second

60 seconds

= 1 minute

Conversior Factors
12 in =1 ft
2.54 em = 1 in

ConversionﬁFactors
1 liter = 1.05 qt
L qt =1 gal

Conversion Factors
100 cm=1m

2.5k cm = 1 in
35 1in =1 ya

]

lConversion Factor

2 ml = 1 cubic
centimeter

Conversion Factors

1 ft =12 in
2.54 em = 1 in
100 cm=1m

Conversion Facter
bsh g =1 1b

900 Al = 900 (f% liter) = 90 liters

The frequency of radio station WICH is 1340

kilocycles.

1340 ke = 1340 (1000 cycles) = 1,340,000 cycles

55 minutes = 55 (60 seconds) = 3300 seconds

3300 seconds = 3300 (106 microseconds)
3.3 X 109 microseconds

Exercise 2

3 ft =3 (12 in) = 36 in
36 in = 36 (2.54 cm) = 91u4.k cm

114 liters = 114 (1.05 gt) = 1138.7 qt
119.7 qt = 119.7(% gal) = 29.9 gal

27 meters = 27 (100 cm) = 2700 cm
2700 cm = 27C0 (-—iﬁ in} = 1063 in

2.5
1063 in = 1063 (3% yd) = 29.5 yd
428 m = 428 cc
6.5 ft = 6.5 (12 in) = 780 in
780 in = 780 (2.5% cm) = 1980 cm
1930 em = 1980 (1%6 m) =19.8 m

1.5 1b = 1.5 (4sk g) = 681 ¢

i1 N

Express the frequency in cycles.
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10.

Conversion Factor
sk g =1 1b

Conversion Factor

1 liter = 1.05 gt

Conversion Factors

39.37 in
36 in = 1 yd

=1lm

H

Conversion Factor

bsh g = 1 1b

7 kg

1 yd

1 kg

= 7000 g = TCOO (TI;T 1b) = 15.% 1b
= 17%3 liter = 0.95 liter

= 36 in = 36 (59—1.'—5—7m) 0.9l m

= 1000 g = 1000 (%lb}:&elb
y :
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